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INVOLUTORY UNITARY MATRICES OF INTEGERS 
ASSOCIATED WITH CERTAIN GEOMETRIC 


TRANSFORMATIONS 
By T. G. ROOM (Sydney) 
[Received 16 June 1948] 


In this paper three systems, two geometric and one algebraic, are 
discussed which depend on a certain simple ‘groupoid’, of type G,, 
in the sense in which this term is used by Richardson (1942). This 
groupoid has an arbitrary number of generators, with the properties: 
(i) the operators are fully associative, (ii) every product of an odd 
number of operators is an operator, (iii) for every operator, 7 = 7-1, 
and (iv) for every set of three operators, SBC = CBA. 

in Part I the operators are the involutory self-transformations of 
a plane cubic curve determined by the pencils of lines drawn through 
points of the curve. In Part II they are the involutory self-trans- 
formations of a surface which has on it certain rational curves and 
a line of multiplicity three less than the order of the surface. In 
Part III they are certain matrices of integers which satisfy: (i) Y? = I, 
and (ii) YY’ = I, ie., with (i), YT = (YT)’, where IT is a given 
symmetrical matrix of integers in which the leading element is zero, 
the remaining elements of the leading diagonal are equal, the remain- 
ing elements of the first row and column are all 1, and all the other 
elements are unrestricted. The matrix is set out formally in Theorem 
[7.4] and equation (9.1). 

Between I and II there is a simple geometrical link. The connexion 
between IT and III rests on the theorem: «f curves c,,...,¢,, or C, with 
intersection matrix ({c;,¢;}) = T, form a base for algebraic curves on a 
surface which has a birational self-transformation Z (in which the 
exceptional elements are of a sufficiently restricted type), and the trans- 
forms Zc of the curves c, when expressed in terms of these curves, are 
given by (Fc) = Te, then TTT’ = I.F 

+ See Room (1948), Theorem 1.1. This paper will be referred to as M.I. 
[ wish to thank Mr. L. Roth of the Royal College of Science, London, for 
having pointed out to me that several of the results in it had been anticipated 


by Severi (1906), (1911), Enriques (1906), (1912), and Snyder and Sharpe 
(1914), (1915). 


{Quart. Journ. of Math. (Oxford), Vol. 20, Dec. 1949, pp. 193-217] 
3695.20 oO 
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I. Systems or InvoLuTORY TRANSFORMATIONS OF A PLANE CUBIC 

CURVE 
1. The principal relation among the transformations 

Let u be a fixed general plane cubic curve. I shall describe three 
collinear points of the curve as being in syzygy. Lines through any 
point a of uw cut out on uw an involution of pairs of points in syzygy 
with a, i.e. they determine a self-transformation of wu, which I shall 
denote by the corresponding script capital ~ or by [a]. If three 
points are in syzygy each determines an involutory transformation 
in which the other two points correspond, i.e. 

[1.1] If a, b, c are in syzygy on wu, then 

8#b=c, BZo=b, B=a, Ba=c, Ga=b, Ch=a 

(or, in the alternative notation, [a|b = c, etc.). 

The fundamental relation among the transformations determined 
by points of w is 

[1.2] If p, q, r are any three points of u, then 

& = PIARF &. 

To prove this, take any point h of u and construct the following sets 
of three points in syzygy: ghk,, k, pko, karks, kz qk,4, kyph*. The first, 
third, and fifth of these sets contain three distinct sets of three 


collinear points, that is, nine associated points, and these nine points 
may be arranged as the second and fourth sets, together with hrh*. 
ryt 

Thus Rh = h*, 


and, from the sequence of syzygies, 
fi—k, Fk,—b,, Ak, =k, BS =—k, Fh, = i*. 
This proves the theorem. 

Now let q, 7, s be in syzygy, so that 2r = s; then by much the 

same method as above we may prove 

[Ps] = IPR. 
This provides a second and more useful form of the principal theorem, 
namely: 

[1.3] If q, r, 8 are three points in syzygy, and p is any other point, 
then QPAR is the involutory transformation of u determined by the 
point Ps. 

In terms of p, g, r alone we may write this without ambiguity in 


the form [Pr] = [PAq] = QPR = RP, 








ON INVOLUTORY UNITARY MATRICES 


or, in the alternative notation, 


([pllair] = [allp][r], ete. 

As a consequence of the relation 272 = RP we have: 

[1.4] The transformation corresponding to the product of any number 
of factors Z,&%,... is unchanged if the order of any odd number of 
consecutive factors is reversed. 

Now suppose that elliptic parameters ¢ are assigned to points of u 
in such a way that collinear points have parameters whose sum is a 
period, i.e. if g, r, s are in syzygy, then 

gat br+bs = 9. 


The equations representing the transformations then take the form 


por = —$.—¢, 
and the principal theorem may be written as 


[1.5] Lf dp, $,, $, are the elliptic parameters of any three points of u, 
the 
pe boga sei bape = $q—p +r 


where dog@ %8 written for the parameter of the point which determines 
the transformation IPA. 


2. The one-fold syzygetic system of points and transforma- 
tions 

The point Ap corresponding to p itself in the transformation F is 
the third point of incidence of the tangent at p with w.t This point 
determines a transformation [Pp], or |[p]p], and thence further points 
| Pp\p, |Pp|PYp, and so on. First, since one of the tangents from Ap 
to uw touches u at p, p is self-corresponding in [Pp], i.e. 

[2.1] [Pp]p = p. 

Since p, p, Ap are three points in syzygy, we may replace the 
points g, r, s in Theorem [1.3] by them in any order. Write then 
successively for p,q,r,s: (i) Pp,p,p,PAp, (ii) h,p,Ap,p, and 
(iii) h, p, p, Ap; we obtain: 

[[Pr]|Pp] = A P|, 
[Hp] = PH|Pp| = |Pp| HF, 
[HP p| = PHP. 


Setting out from p, construct the system of points on w which are 


+ We assume that p is not an inflexion. 
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either on the tangent at a point already constructed, or in syzygy 
with two points already constructed. This system of points, and the 
system of transformations corresponding to them, will be called a 
one-fold syzygetic system, S'(p). By induction from Theorem [2.2], 
treating ‘p’, and ‘h’ as points already constructed, we find: 

[2.3] Every transformation of the one-fold syzygetic system S*(p) may 
be expressed as the product of an odd number of factors P, | Pp}. 

That is, every transformation may be expressed as A(|Pp|F)*, 
where « is an integer, positive, negative, or zero. 

If ¢,, is the elliptic parameter of p, we have 

pay = —2%y; tiariep = 4p, ete. 
We may summarize the results thus: 

[2.4] The system S\(p) consists of all the points p, of elliptic pare 
meters (3x-+1)¢,.F The transformation Z, determined by p, 18 expre 
sible as the product P(|Pp|F)*, i.e. A(A_.A)*. 

Although we do not need them in the subsequent developme 
(except in the discussion at the end of § 6), it is of some interest 
inquire what is the part played by points of which the parameters 
are other special multiples of ¢,,. 

(i) Other integer multiples. Let j be the point of parameter zero, 
i.e. the inflexion at the origin of the particular system of elliptic 
parameters selected. Given only uw and the point p on it, there are 
then, nine points 7 on wu. Each system /1( Sp) consists of points 
(£p)g of parameters (—38—1)¢,. The points pg, j, and (Sp)g are in 
syzygy, ie. J(pg)=(f£p)g. Further, if j, is the point of parameter 
3yd,, then A( SP) y+, = jy, for all «. Thus: 

[2.5] Associated with a given point p and a given inflexion j, there 
are two syzygetic systems S'(p) and S'\(fp) and a system W(p) 
containing points of parameters (3x+-1)¢,, (—3B—1)¢,, and 3y¢4, 
respectively. Any two points taken from different systems are in syzygy 
with a point of the third system. 

(ii) The system &1(p). From p draw the four tangents to wu, with 
points of contact, say, t_,, of parameters —}(¢,+period). Then 
from each of these draw again the four tangents, obtaining the 
sixteen points t_, of parameters }(¢,-+period). From these and p 


+ The groupoid is finite if, for some a, (3a+1)¢, =¢,. We assume that 
this condition is not satisfied. 
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we obtain sixteen points —4(¢,-+period), and from these and t_, 
sixteen points j(¢,-++period). The tangent at any of these last gives 
one of the four points —3(¢,+period), and the tangents at these 
meet in the point 7¢,,, namely p,. Continuing in this way we obtain: 


[2.6] The system =(p) consists of all the points of parameters 
(—2)-“(3a-+1)(¢,+-period). It depends on p alone, and not the choice 
of a particular inflexion as origin of the elliptic coordinates. 


3. The two-fold syzygetic system 

From three points a, b,c in syzygy on u we build a two-fold syzygetic 
system (a,b) of points and transformations, by constructing the 
third point of wu on the tangent to uw at any point already constructed 
and the point in syzygy with two points already constructed. The 

rincipal result to be proved is that the transformation corresponding 

) any point of this system may be expressed as the product of an 
dd number of factors <7, BZ, @, and we find a standard form for 
such products. 

First consider products in which @ precedes #; there are three 
types, and, using Theorem [1.4], we may rearrange each as a product 
in which @ follows Z: thus (i) GAB = BAF, (ii) JCB = BCA, 
and (iii) BOB = BAACB = BABCA. Thus after a finite succes- 
sion of these rearrangements (with the insertion and removal of 
identity factors), we find 

[3.1] The product of any number of factors. , B, € may be reduced 
to one of the two forms (7 B)?(AE)’, or A(AB)P(AE)”, where B, y are 
integers. 

By another succession of rearrangements it may be proved that 

A(ABP (ACY = (CAWBA PA = {A (ABP(AC MA, 
and thus, since the parity of the number of terms is unchanged by 
the rearrangements, 


[3.2] The product of any odd number of factors 7, B, © is an 
involutory transformation. 

Since, from Theorem [1.3], [#a] = BH, if H belongs to Y*(a, b) 
and is expressible as a product, then [#a], which also belongs to 
S*(a,b), is also expressible as a product; whence an inductive argu- 
ment shows that any member of #?(a,b) may be so expressed. Now 


consider FP ae A (ABP AEC)", 
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and suppose that B > 0, B—y = 2u > 0 (other cases may be dealt 
with — Then 
= (BA) (BA )Y"B( AE)’ 
=(BAVBA..ABABA...AB(AC)Y 
= (4A) ...[[[ ABb)a|Bb |... a|Bb |( AC)” 
5 working outwards from the middle and using Theorem 
[2.2] (iii)) 
= [[...[[[[..-[[[7%Bb]a|Ab|...Aa|Bb).Saja)...Ja)a] 
(taking alternately .o/(...)V7 and &(...)@), 
there being » terms Bb, y+p~—1 terms Wa, and y terms a. Thus 
[3.3] Every transformation of the two-fold system S?(a,b) may be 
expressed in a unique way as a product A(AB)P(AE)”, and every 
product of an odd number of factors. , B,C belongs tothe system F(a, b). 
Take the elliptic parameters of a, b, c to be ¢,, ¢, $,, with 
pat by 7 be 0. 


From Theorem [1.5] we have 


¢aa a= —bat24,, 
fausue = —}$,+1 + 2h,— batdy; etc., 
and thus, if F = B(ASB)P(AE)y, 


bs = —Bty—Dhat Bbrt1bo 
That is 

[3.4] The involutory transformation J (AB)?(AE)" is determined by 
the point with elliptic parameter ab,+-Bd,+y¢,., where a+B+y = 1. 
This is the more symmetrical form, but we may state the result in 
more general terms as: 

[3.5] The syzygetic system S?(a,b) consists of the points with elliptic 
parameters \¢,—(A+3u—1)d,, and the corresponding transformations. 


4, The syzygetic system determined by r points 
Let a; (¢ = 1,...,7) be r general points of the plane cubic curve w.f 
Denote by .°/; the transformation determined by a; and write 


Ay; = A, = A,a; = Ba, A, = Ay, = [ F,a,;] = [ay], 


ij ji 
and Ay = A,a;, A,;, = [A,a,|. 


+ By ‘general’ in this sense it is meant that the syzygetic system deter- 
mined as below by any r—1 points does not contain the remaining point, 
and that none of the points is an inflexion. 
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In this notation Theorem [1.2] becomes 

[4.1] sf, = cl, bl, cy 
while [1.4] and [2.2] become 

[4.2] i) hy = [ja] = hy yh, = hy A, by; 

(ii) [Ga] = FA, A,; 
(iii) [A,4;;] = Al Aa,|A, = 0, A, A, 
From Theorem [4.2] (i) it follows that all transformations %,, %,,; 
may be expressed as products of factors ./, together with one other 
factor, say %,. For example 
Sy, = At, Ay A, A, A;,,. 

Consider now how the r-fold syzygetic system /"(a;) can be built 

up. We have 

[A a,;] = [%;4,] = A, A%;A%,, from [4.2] (i), 
whence 

[ A; ya) = [An ig] = [Gur ty) 5 A = Aq Sp A, Ay Ay, 

and [5% ]u] = Ayy| Aj Ay) A, = Ay pg Ay; Ay Ay, 
where the subscripts need not all be distinct. Proceeding in this way, 
and using an argument similar to that used in proving Theorem [3.3], 
we may prove that 

[4.3] All transformations of the syzygetic system S"(a;) may be 
expressed as the products of odd numbers of factors from the set of r+-1 
factors W,,...,%,, and X,. Any product of an odd number of trans- 
formations of the system S*(a;) is a member of the system. 

As in Theorem [3.3] the product may be reduced to a standard 
form, say WAy(A,A)%(A,A,)™...(A,%,)%, where a,...,0, are 
integers: e.g. 

Ay, = Ay,(A, A,,)~*( A, A,)(A, A,)). 

For most purposes, this notation, using one or two subscripts, is 
most convenient, but certain results are expressible more compactly 
in terms of a notation based on the elliptic parameters of the points. 
Let the elliptic parameter of a; be ¢;, and suppose that > A,;¢4; is a 
point of "(a;). I shall denote this point by a,_) (there is no con- 
fusion with the other notation, if, as we assume, r > 2), or by ay, 
and denote the corresponding transformation by A, ), or GA, or 
[a]. I shall use the sign ‘+’ as for ordinary addition of vectors, 
so that the point a),,, is that with elliptic parameter > (A;+,4)¢;. 
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The connexion between the syzygies and the transformations 
(Theorem [1.1]) is expressed by 

[4.4] “a, = a,, where A+p+v = 0. 
Using this relation, and an induction based on A, = Apo, 
Ay = Ayo,» Ly, = L»-s00... We find 

[4.5] A symbol ay can represent a point of the system S"(a;) only if 
>A; = 3A+1, where d;, r are integers. 
Theorem [1.5] takes the form 

[4.6] (i) AAA, = Hip st 


8s s 
(ii) A,, A, Ay, Ay, Ay,...Ay, Ay, = A,, where t = 2 Pi— 2%: 


In consequence of Theorem [4.5] the systems .Y” separate into 
three classes according to the residue of r modulo 3: 

(i) r = 3s: there is no point symmetrically related to all the 
points a;; 

(ii) r = 3s+-1: there is a one-fold syzygetic system A1(a,,,,_) of 
points each symmetrically related to all the points a;; 

(iii) r = 3s—1: there is a one-fold syzygetic system S1(a_,_,_, ) 
of points each symmetrically related to all the points a;. In particular 
A_1-1-1.. = @, Say, and @,...,@, form a symmetrical set of 3s points 
(the section of w by a curve of order s). It might be expected that 
it would be possible to use products of the r+1 transformations 
Ay, As, 
so except when s = 1 (the case dealt with in § 3). Take, for instance, 
s = 2, then from [4.6] (ii), 


Gy = Ay 431-4 
= DB, A, A, A, A, A, A, A; A;;. 
For a general value of s we shall be able to express .~A, as a product 
involving %A,..., Z, and s terms .%,, and thus shall not be able to 
obtain A, as a product of A, A,..., %,. 


II. Some SuRFACES WITH INVOLUTORY SELF-TRANSFORMATIONS 
5. ZA-curves, and #-transformations 

Let 7 be a surface of order N+2 in space of three dimensions, 
specialized only in such a way that it has on it an (N—1)-ple line v, 


+ Or Ay Ay : Ay Ay where p—o = p’—o’, but Ay Ay, although a 


transformation of u, is not involutory, i.e. not a member of the ‘groupoid’. 
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and an irreducible rational curve a of order m to which v is (m—1)- 
secant, ie. @ is an irreducible curve such that any plane through v 
has only one variable intersection with it. Since a single line may 
be drawn through any point of space to meet v and a in distinct 
points, and this line meets z in just two further points, it follows that: 


[5.1] There is an involutory self-transformation A of 7 in which the 
join of any pair of corresponding points meets the line v and the curve a. 
In relation to a given surface z and line v of multiplicity three less 
than the order of z, the curve a will be referred to as an &-curve, 
and the corresponding transformation .< as an &-transformation. 
In the work which follows we suppose the surface and multiple line 
are fixed, and the #-curves are assigned as required on the surface. 

Any plane @w through v cuts z in a cubic curve uw which meets a 
in one point, a, say. Ifh is any point of uw, and h* is the point into 
which it transforms, the line hh* meets v and therefore lies in a; i.e. 
h* also lies on wu, and a, h, h* are three points in syzygy on the curve. 
Thus 

[5.2] The B-transformation A determined by an Z-curve, a, deter- 
mines an involutory self-transformation %, of each plane cubic curve of 
the pencil coplanar with v. 

Now let 6 be a second &-curve, and b,, the point in which it meets w. 
Then ?b, also lies on uw, and is the only point of the transformed 
curve Zb which does so. Thus .o/b is a curve, irreducible if b is, which 
meets each wu in only one point, and is therefore an #-curve; i.e. 

[5.3] The &-transform of any B-curve is an B#-curve. 

In particular a, the curve cut out by the ruled surface of lines 
which meet v and are tangents to z at points of a, is an #-curve. 

The three #-curves a, b, and c = Wb, together with v, form the 
complete intersection of a ruled surface with 7: that is, each is the 
transform of either of the others in the transformation determined 
by the third—precisely the relation expressed symbolically in 
Theorem [1.1]. We are justified in describing such a set of three 
curves as being in syzygy; they have the property of meeting each 
curve wu in points in syzygy. It follows further that, abstractly, the 
system of &-transformations determined by an assigned set of 
Z#-curves on a surface z with a given multiple line v is identical 
with the system of transformations determined by the set of points 
in which the curves meet any one of the curves w, and consequently: 
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[5.4] A set of r B-curves a,...,a, determines an r-fold syzygetic system 
of Z-curves and Z-transformations #"(a;). All the relations connecting 
points and transformations of a system S*(a;) on a cubic curve which 
are set out in § 3 may be interpreted as relations connecting the B-curves 
and R-transformations of the system of #*(a;) on the surface. 


IIT. Untrary MATRICES ASSOCIATED WITH THE #-TRANSFORMATIONS 
6. Matrices associated with a one-fold syzygetic system 

An &-transformation.?¥ of z is one in which every point transforms 
into a single point (the N—1 ‘places’ on z at a point of v being 
counted separately). If then we have a base for algebraic curves on 7, 
say ¢,, or, collectively, c, and .# is such that the transform ~A( > a;¢;), 
or ¥(a’c), of any curve a’c is given by 

A(a'c) = a’Ac, 

where A is a constant matrix of integers (depending, that is, only on z, 
the transformation, and the base, and not on the particular set of 
values a;), we may apply the results of M.I.+ Thus, if the number 
of points common to two curves p, q is written {p,q}, and 


({c0)}) = ({e;,0}) =T =T", 


then ATA’ = f. (6.1) 
Also, since . is involutory, 

(inv-A) A? — I, (6.2) 
and therefore 

(sym-AT) AT = (AT)’. (6.3) 


I shall describe conditions (6.2) and (6.3) as ‘inv-A’ and ‘sym-AT’. 
Suppose now that 7 has a single assigned #-curve, p.{ The curves 
with which we are concerned are equivalent to the sums of integer 


+ It should be noted that, if A, 2 are two transformations, and P, Q the 

corresponding matrices on the same base, and 
Bc = P2(a’e), 

then eB’ = «QP; 
i.e. QP is the matrix corresponding to the transformation AQ. If the 
transformations concerned are @%-transformations, and we have an odd 
number of factors, then, in consequence of Theorem [1.4], no reversal need 
be made. 

t Cf. M.I. §9. The quartic surface is given by N = 2. For comparison, 
the base used in M.I., in the notation of this paper, consists of the three curves 
u+v, v, p, the first being a complete plane section. 
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multiples of v the multiple line, w a plane cubic residual to it, and 
the rational curve p.} I write the curves always in the order wu, v, p, 
and shall refer to them as ¢_,, C9, ¢}. 

Let h be a curve on z of order v_,+v»9 which meets c; in v;, points. 
By degeneration methods (cf. M.I. 41, footnote) we may prove that 
transversals from points of h to v and p form a surface of order 


(m+ 1)v_,+v9—%4, 
on which the multiplicity of v is 


mv_, a. Vo— Vy 


and the multiplicity of p is Vit, 


so that the order of Ah, which is the residual intersection of this 
surface with 7, is (V+ 2m-+-1)v_,+2v)—3y,. The curves h and Ph 
meet uw in the same number v_, of points, so that Ah meets v in 
(N + 2m)v_,+2v9—3y, points. Suppose now that 
h=a'e, Ph = a'P,c. 
Then [M.I., equation (1.9)], if Ak meets c; in Pv; points, 
Avy = Pv = Pv. 
We have Pu = u, and, from the work above, 
Pry = (N+ 2m)v_,+ 2v9— 37. 
Thus the first two rows of P, are (1,0,0) and (V+2m,2,—3). The 
third row may be determined from inv-P,. We find 
[6.1] With base u, v, p, 
1 0 
P,=[{N+2m 2 
N+2m 1 


0 
~f 


+ We do not need to assume that u, v, p actually form a base; what we 
require is that Pu, Pv, Pp are all expressible in terms of u, v, p, and we do 
in fact find the actual expressions. The position here is different from that in 
M.I., where, to some extent, the investigation was concerned with finding all 
the curves on the surface. 

The case N = 1 of a cubic surface is interesting. The line v is not on the 
surface, and the curve p has to pass through some, or all, of the intersections 
of v with the surface. The curves u are the plane sections through v. We are 
in the position, then, of having a ‘base’ consisting of a complete plane section, 
a line not on the surface, and a curve which may not be ‘basic’ in the sense 
that it could not be included in any base in terms of which all curves on the 
surface could be expressed. Nevertheless the algebraic expression of the 
transformations leads to proper curves on the surface, namely the transforms 
of p, and u. 
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I proceed now to determine [,. Since uw-+-v is a general plane 
section, {u+v,u+v} = N+2. We have {u,u} = 0, {u,v} = 3, so 
that {v,v} = N—4. Also {u,p} = 1, {v,p} = m—1, so that, from 
sym-PT, {p,p} = —N. Thus 

[6.2] With base u, v, p, 

0 3 1 
r,=[{3 N-—4 m-—1 
1 m—1 —N 

Consider next the #-curve t= Ap. We have Fu=u and 
Tp =p (from Theorem [2.1]), so that the first and last rows in 
the corresponding matrix T,, are (1,0,0) and (0,0, 1).- From iny-T,, 
and sym-T,,T we find: 

[6.3] With base u, v, p, 

] 0 0 
[Pp], = T, = | 2(3N+m—1) —1 _ 6}. 
0 0 1 


For the rest of this section we use wu, t, p as base. The matrices 
corresponding to this base may be derived from those above, by 
using the relation t = (V+ 2m)u-+-v—2p (from Theorem [6.1]). We 


find: 

[6.4] With base u, t (= Pp), p, 

0 ] 1 ie 0~.% 

r={1 -—-N &£i, T=i{2¢ —1 2], P={0 6 

1 k —N . eo 2. 
where k = {t,p} = 3N+3m—1, M = N+k = 4N+3m—-1. 

I wish next to calculate the matrix corresponding to the trans- 
formation |.7t| = |[Ap|Ap]|. We may do this either as in M.I. § 9 
(in the calculation of R,), or by using Theorem [2.2] (i), namely, in 
the present notation, [Tt] = PTP. The result is: 

[6.5] With base u, t, p, 

1 0 0 
[Tt] =| 0 l 0 
2M 2 -—-l1 

Let p, «, 8 be such that h = pu-+oat-+-p is an irreducible Z-curve. 
First, since {h,u} = p{u, u}+af{t, u}+B{p,u} = 1, we must have 


at+p = 1. 
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The matrix H associated with the transformation # will be of the 
form H a: pU+oE-+6F, 
where U, E, F are matrices independent of p, a, 8. Since, when 
(p, x, B) = (0,1, 0), (0,0, 1), we have H = T, P, respectively, we must 
have E= T, F= P. To determine U we need only consider one 
other &-curve and transformation; take then Zt. From Theorem 
[6.4], 7t = 2Mu—t- 2p, and therefore 
[Tt] = 2MU—T-+ 2P, 
whence, from Theorem [6.5], 
0 oO O 
U=i1l 0. oO]. (6.5) 
1 0 90 
Thus: 

[6.6] If p, «, B are such that h = pu+-ot+ fp is an #-curve, then the 

matrix associated with the corresponding #-transformation is 
H = pU+aT-+fP, 
where U is given by equation (6.5), and T, P by Theorem [6.4]. 

We have next to find the conditions satisfied by p, «, B in order 
that h may be an &-curve. We first find conditions that H may 
correspond to an involutory self-transformation of z. Since UT, 
TI, PY are all symmetrical, a sufficient condition for HTH’ = PL, 
is inv-H. Now 

U2 = 0, UT = TU = UP = PU = U, 
and, from [Tt]? = I, PT+TP = 2MU-+2I, so that 
H? = (0+8)*I+{p(a+f)+ MoB}U. 
The conditions are therefore «+8 = +1, where we must take the 
positive sign since the other gives #u = —u, a meaningless condition 
geometrically, and on (6.6) 


Compare this result with Theorem [2.4], which implies that the 
matrix corresponding to any #-transformation of the system #'(p) 
is of the form P(TP)”. We have 


(PT—I)? = 2MU, (PT—I)}* = 0, 


and therefore 
(PT)” = n(n—1)MU+nPT—(n—1)I, 
so that P(PT)* = pU+aT-+ SP. 
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From Theorem [2.4], the elliptic parameter of the point of a curve u 
which determines the transformation A(7 F)-* is (—3a-+1)¢,. Thus 

[6.7] (i) The curve h, = pu+ot+ Bp is an B-curve if 

a+pB = 1, p = —Moaf. 

(ii) If the elliptic parameters on the curves u are determined con- 
tinuously in such a way that the Z-curve p is the locus of points of 
parameter ¢,,, then h, is the locus of points of parameter (—3a-+-1)d,, 
1.€. ad, +Bd,,. 

(iii) The matrix corresponding to the 2-transformation determined by 
h, is H, = P(PT)* = pU+aT-+§P. 

We have 

{hy, v} = pfu, v}+a{(N+2m)u+v—2p, v}+B{p, v} 
= a(3a—2)M+m—1, 
so that 
[6.8] The order of the B-curve h, is «(3xa—2)M-+-m. 
In particular, ¢ = h, is of order M-+-m = 4N+4m—1. 

The matrix equation (6.7) is valid (though not the whole truth) for 
all values of «, not only integers, and the points (or sets of points) «¢,, 
on the curves wu are definable for all values of « (as, e.g., in Theorems 

2.5] and [2.6]), but a corresponding extension of meaning for the 
symbolic expression of the curve h, does not seem possible. Consider 
the following examples: 

(i) « = 0, « =}. This value determines the nine inflexions on 
each of the curves uw. The locus of these inflexions may be proved to be 

j = (83N+2)u-+ 32, 
but h, = j(—5N+2)u+. 

(ii) « = 4, a = 3. This value determines on each of the curves u 
the four points of contact of the tangents from the point p,. The 
locus of these is the united curve of the involution 7, which may be 


proved to be od 


= 2(N+m-+1)u+4v—4p, 
but h, = }(—2N+m- 1)u-+ }v—}p. 

Corresponding extensions of meaning of the matrix equations and 
the elliptic parameters are possible in the systems #? and # discussed 
in §§ 7, 8, but reference to them is postponed until some more satis- 
factory account of the geometrical significance of the symbols h, for 
non-integer values of « can be given. 
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7. Matrices associated with a two-fold syzygetic system 

Let a, b, c be three Z-curves in syzygy, as in § 5, and let their 
orders be mo, m,, mz, and let {b,c} = ky, {c,a} = kyo, {a, b} =k. 
Consider on the surface 7 curves which can be expressed in terms of: 
u a plane cubic curve, v the multiple line, and b and c. Using the 
results of Theorem [6.2], we find for the intersection matrix: 

[7.1] With base u, v, b, ¢ 
0 3 1 1 
3 N-—4 m—1 m,—1 
1 m—1l —WN ky. 
1 m—l1 ky —N 
Since the curves Bu, Bv, Bb may be expressed as in Theorem [6.1| 
independently of the curve c, the first three rows of B,, are identical 
with those of P,,, with a column of zeros added; the fourth row may 
be computed from inv-B and sym-BI. We find: 


[7.2] With base u, v, b, c 


r= 


1 0 0 
N+2m, 2 -3 0 
N+2m, 1 -—2 90 
\m+m,—ky 1 —1 —1 


B, = 


The matrix C,, will be symmetrical with this, while to calculate A,, 
we may use. Au = u,. Sb = c, Sc = b, so that the first, third, and 
fourth rows are (1,0,0,0), (0,0,0,1), (0,0, 1,0). Thus 


[7.3] With base wu, v, b, c 


1 0 
(3N-+m,+m,—3k,,—2) —1 
A, = 
, 0 0 
0 0 
From Theorem [7.2] we see that 
a = (m,+m,—k,.)u+v—b—c, 
so that {a,b} = (m,+m,—k,,){u, b}+ -{v, b}—{b, b}—{e, b}, 
1.6. ko = m,+m,—kyy+m.—1+N—kyp, 
and there will be two similar relations connecting the orders with the 
numbers of intersections. These lead to the equations 
3m; = Lint 2hig—kyg—N +1, t, p,q = 0, 1, 2. (7.2) 
These relations show that 2 > k,,—N-+-1 is a multiple of three. 
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From equation (7.1) it follows that any curve which may be 
expressed with integer coefficients in terms of u, v, 6, c may also be 
so expressed in terms of u, a, b, c. We may find the matrices asso- 
ciated with this base either by transforming the equations above, 
using equation (7.1), or directly from the properties contained in 
Theorems [5.2] and [1.1]. The result is: 


[7.4] With base u, a, b, ¢, 


0 1 1 1 1 0 0 0 
r— 1 —N ky ke _— N -—1 1 1 

1 ky —N ky 0 0 0 1 

1 kono ke, —N 0 0 1 0 

1 0 0 0 1 0 0 0 
oe ® 0 0 1 C= 0 0 1 0 

N, 1 —] 1 0 1 0 0 

0 1 0 oO =m 3 1 -1 


where N; = N+kiyp+kig—kpq- 
From the matrix A we have 
ta = Nu—a+b-+e, 
and therefore there is a matrix U for which 
[Aa] = N, U—-A+B-+C. 
We have [.~alu = u, [Jala = a, giving the first two rows of [Aa]. 
The others may be found from inv-| Aa], and sym-[Aa|I. The result is 





1 0 0 0 
ee oy, a Ses | 
2N+2k, 2 —1 0 
QN4+2%ky» 2 O —I 
0 1) 0 0 
whence U = . Sa (7.3) 


QO 0 0 
If h = put+aa+pfb+ye is an &-curve, then the matrix of the 
corresponding #-transformation is 
H = pU+oA+/B+yC. 
First, since {h,u} = 1, we have 
a+tB+y = 1. (7.4) 
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Next, since sym-UT, and sym-AI, etc., we have sym-HI, and 
consequently we have only to investigate the condition inv-H. This 
yields, in addition to equation (7.4), the single condition 
—p = By(N+ky2)+-ya(N + ko) + oB(N +k), 
which may also be written 
—p = N+a'Ka), (7.5) 
where a’ is the row vector (a,8,y) and K is the matrix formed by 
the last three rows and columns of . Thus 
[7.5] h = pu+aa+Bb+-y e is an B-curve if equations (7.4) and (7.5) 
are satisfied; the matrix of the corresponding #-transformation is 
H = pU+aA+/B+yC, 
U being given by equation (7.3). 
Consider next (AB)?. By direct multiplication we find 
(AB—I)? = (N,+-,)U, (AB—I)* = 0, 
so that (AB)? = (1—f8)I+8AB+48(8—1)(N)+-N,)U 
and similarly 
(AC)y = (1—y)I+-yAC+ dy(y—1)(Ny+-N,)U. 
Thence, using 
BAC = [Aa] = N, U-A+B-C (Theorem [2.2] (ii)), 
we find 
B)’(AC)y 
= }oa(a—1)M)+f8(B—1)M+y(y—1)N,}U+a0A+f8B+yC 
= pU+aA+fB+yC, 
so that 
[7.6] The &-transformation A (AB)?(AE) is that determined by the 
A-curve pu+aa+ Bb+-ye, where p, a, B, y are connected by equations 
(7.4) and (7.5). 
Using Theorem [3.4], \.e find from this: 


7.7| If a, b,c cut a curve u in points of elliptic parameters $,, $y; des 
then the B-curve pu+aa+Bb+-ye cuts it in the point ad,+Bd,+y¢4,- 


8. Matrices associated with an r-fold syzygetic system 
We found in § 4 that, if r > 2, it is not possible to select a sym- 


metrical set of r+1 transformations from the r-fold system /"(a,) 
3695.20 P 
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so that the simple form of matrices set out in Theorem [7.4] cannot 
be adapted to higher values of r. Initially it appears best to use the 
obvious base consisting of the curves wu, v, @,..., a,, the matrices 
corresponding to which may be written down by extension from 
those in Theorems [7.1] and [7.2]. To express them in concise form 
I use the following notation for row vectors with 7 elements corre- 
sponding to the subscripts 1,...,7: 


o’ = (0,0,...,0), v’ = (1,1...., 1), 


e; = (0,0,...,0,1,0,...,0) (all elements zero except that corre- 


sponding to the subscript 7), 

m’ = (m,,...,m,), ki, = (ky;, ke;,..-.k,y), with k, = —N, 
and write 0,v, etc., for the corresponding column vectors. Also put 
K = (k,;), with k,—=—N (t,j = 1....,r). 

We find: 


[8.1] With base u, »v, a; 


0 3 v 
r,=(3. N-—4 m’—v’], 
m—v K 
1 0 o’ 
A, = N+2m, 2 —e; 


mvt+m—k,; v —ve+I 
As in previous cases, if h = pu-+-ov-+ } a;a; is an Z-curve, then, 
for some constant matrices U, V, the matrix of the corresponding 
&R-transformation is H = pU+oV-+ > «;A,;, where, since fh, u} = 1 
(or, since #u = u, making the first row of H (1, 0, 0,...,0)), we have 
30+ > a; = 1. (8.1) 


To find U and V we have to calculate the matrices for two further 
transformations, say %,, and %,. From Theorem [8.1], we have 
A;; = [A,a,;] = (N+2m,)U+-V—2A;, (8.2) 
Ai; = [A;a,| = (m,+m,—k,,)U+V—A,—A, es 
The elements in the first four rows and columns of A,, and A, were 
found in § 7, and the rest may be determined from inv-A ard sym-ATI. 
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The result is: 
[8.2] With base u, v, a;, the matrix of the B-transformation corre- 
sponding to the B-curve pu+ov+ > aa; is pU+oV+ > a; A;, where 


0 0 oO 3 0 0’ 
U= (: 0 *, V= ( 5N—2 3 o’ ) 
v oO 0 Nvu+2m 22% —3I 
The products of the pairs of matrices are 
U2 = 0, UV = VU = 3U, UA; = A,;U =U 
V2 = 2(5N—2)U+9I, A? =I 
and, from Aj, = I, A?, = I, 
VA;+A;V = (6N+2m,—2)U+6I1 
A, A;+A,;A; = (2N+ 2k,;)U+ 21 
Again UT, VI, and A;T are symmetrical, so that HT is symmetrical. 
From H? = I we find, in addition to equation (8.1), 
p = —}{o?(N—4)+ 20 > a,(m;—1)+a’Ka+N} (8.5) 
= —}{a*’K*a*-+N}, ‘ 
where a*’ = (o, a4,..., x,) and K* is the matrix obtained when the first 
row and column of I are removed. We have proved that: 
[8.3] The curve putov+ > a;a; is an Z-curve for all values of p, 
a, a; which satisfy equations (8.1) and (8.5). 
The following relations may be proved: 
A,A;A, = A, A; A, = (N+kip+hig—kpJ)U—A;+A,+A, 
A, VA, = A, VA, = (83N+m,+m,—3k,,—2)U—V+3A,+3A, 
A, A,V = VA,A, = (3N—m,+m,+3k,,)U+V+3A,—3A, 


\ (8.3) 


(8.4) 


(8.6) 
These equations are valid when p = q, if k,,, and k,, are set equal 
to —N. The first members of equations (8.6) show that the product 
of any odd number of factors A,,...,A,, V is unaltered when the order 
of any odd number of consecutive factors is reversed. Further VI is 
symmetrical. On the other hand, V is not involutory (so that 
VI'v’ *T), and therefore V cannot be used as the matrix to com- 
plete the symmetrical set of r+-1 matrices. 
Consider now 
A, HA, = pA, UA,+cA, VA,+ > «A, A;A, 
= pU+o{(3N+m,+m,—3k,,—2)U—V+3A,+3A,}+ 
+ > af(N + hint hig—kpg)U—A,+Ay+Ag} 
= pU+6V + > 4,A,, 
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where, using equation (8.1), we have 


&= —o, 
i= —a; (i AP, 9), 
Gi» =—o%+1, & = —a,tl, 
p= —}a*’K*a*+N}, 

i.e. A,HA, = —H+A,+A,+(p+p)U. 


The matrix H is uniquely determined by the numbers a4,...,«,, 80 
that we may compare this result with Theorem [1.5]. Thence it 
follows by induction that: 

[8.4] If the curves a; cut any of the curves u in points of elliptic 
parameters ;, then the R-curve pu+-ov+ > a,a,; cuts u in the point of 
parameter > x; $;. 

We may now write 

H x ae 


with, in particular, 


= H, = pU+oV — > a, A;, 


Xr 


A;=H 


u 


A, = H 


€? 13 —€;—€;° 


Then, corresponding to Theorem [4.6] we have: 


[8.5] The matrices H, are the products of odd numbers of the matrices 
H, ,..-. H,, and H They form a system in which the product of any 


€1 


three is given by H, Hg Hy = H,-8,,. 


€ —2€1° 


9. The algebraic content of the results 

In this section I use v, €;, K, etc., with the same significance as 
in §8, but regard the vectors as having r+1 components, with 
subscripts 0, 1,...,7. The results proved in §§ 6-8 may be taken to 
give a solution to the problem: 


I is a given symmetrical matrix of r+-2 rows and columns of the form 


aa a 


mt gp (9.1) 


where K is a symmetrical matrix whose elements are unrestricted except 
that % T 6 
kn =k, =... =k, = —J. (9.2) 


We are required to find a set of r+-1 independent matrices Xo, X4,..., X, 











ON INVOLUTORY UNITARY MATRICES 213 


which determine an r-fold syzygetic system, namely a system of matrices 
Y such that 


(i) Y? =I, 
(ii) YY’ = M7, i.e. with (i), YT is symmetrical, 
(iii) Y may be expressed in the form 
% = pU+ > a, X;, 


0 oO’ 
Dy U= 
where " 4} 
(iv) the product of any three of the matrices is another matrix of the 
system, namely Y,Yg Yy = Yq-p.y- 


So long as we confine our attention to the geometric interpretation 
of the results, there are restrictions on the k,; in addition to equa- 
tions (9.2). One such is contained in equation (7.2). Another is that 
the signature of T must be (1,r+-1) [Hodge, 1937]. Again the value 
of N must be sufficiently high to allow a given number r of Z-curves 
to be forced on to the surface. On the other hand, the relations 
obtained in §§ 6-8 are purely algebraic, and involve no restrictions 
on the k,; other than equations (9.2); the k,; are not even confined 
to being rational or real, but, if they are integers, then the elements 
of all the matrices Y are integers. The solutions for the cases r = 1, 2 
are simple, and are contained in Theorems [6.4], [6.7], [7.4], [7.5], 
[7.6]. For a general value of r, as we have seen, it is not possible to 
select a symmetrical set of r+1 curves, or transformations, or 
matrices. We may, however, reduce the matrix I’, of Theorem [8.1] 
to the symmetrical form given in equation (9.1) by replacing the 
base u, v, a; by u, %, ;, where 

Ly = A,a, = (N+2m,)u+v—2a, (ef. equation (8.2)) 
4,=a, (¢ 40). 
In this system the subscripts 0, 1 behave differently from the 
remaining subscripts, but, as we see below, all the matrices may 


be expressed in the same symbolic form. 
Since x, is an Z-curve, 


and, as in equation (7.2), 
koi = N+2m,+m,—2k,,—1. 
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Effecting this transformation, we find T in the required form (9.1), 
and 1 o' 
©. | a (i = 0,1....,7), 
Nd; {ulg+2¢—e) 1} 
where the columns d; form a symmetrical matrix D = (d;;), in which 
dy, = diz = Nui + Nor jtNij2 


ji ij 
Naps = Nogi ao N +hint+kig—kng, 
Nip = Nog = 2N+2k,,; 
Nip = 9. 


These are the required r+1 matrices X;; in terms of them we have 


_ a AX1...Xy — Xo(Xp X,)™ (X, X,)%...( Ky X,.)*, 
Tr 
as pU+ DI Xj X; 
0 
a: 1 0’ 
~ \pvt+Da {v(e)+2e,—a’)—Th)’ 
a 
where 2 a = I, 
and p = —}#(a'Ka+NJ), 
i.e. a*’Ta*+N = 0, 
where a®’ = (pf, ag, 04,...5%)- 
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[| Note added 20 October 1948} 
A simple geometric representation of the continuous groupoidt 
An involutory unitary (n+1)x(n-+1) matrix H may be regarded 
as determining an involutory collineation # of a projective space 
+ This note is the outcome of some suggestions made by Professor H. F. 
Baker. 
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of n dimensions in which the base elements are an [r] and an [n—r—1] 
which are polars with regard to the fundamental quadric primal. 
If, using 2p,...,%, a8 coordinates, we take the quadric to be 
x’T'x = 0, 
so that HIH’ = T, 
then # is the transformation in which the transform of the prime 
p’x = 0 is the prime p’Hx = 0. 


The base elements of the inversion are the self-corresponding elements 
of the system, and are therefore given by the latent roots of the 
matrix H. 

For the matrix Y we find 

(¥—el| = (@—1)3(0+ 1), 
so that Y corresponds to a harmonic inversion with regard to a line 
and an [r—1] in [r+1]. ° 

To obtain the complete geometrical interpretation in this sense of 
the system of matrices Y, I make the following simplifications in the 
notation: 

(i) change the names of the coordinates, so that the first rows of 
the matrices correspond to z, while the rows previously carrying 
subscripts 0, 1,...,r correspond to 2, 29,...,2, (n = r+1); denote by 
Z;, Z1,.--, Z, the vertices of the simplex of reference, and by fp, ¢;,..., 0, 
the tangential coordinates corresponding to them; 

(ii) write A, = l—ag, Ap = 2—ay, Az = —ay;..., A, = —a,, and 
allow the A; to vary continuously in the field of complex numbers. 


The matrix T is now , 
ee 0 v 
(s &) 
where K = K’ = (k,;) (¢,j7 = 1,...,); the fundamental quadric is 


n n 
Q=2Tz= 220 > % + p2 kz 2,2, = 0, 
and the matrix Y is replaced by 


1 o’ 
a= PB coat aes} 


where x * 


BAKA = 3D hyd; dj. 
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The elements of the first column of H,, the relation connecting 
the A;, and the value of x, are determined completely from the , 
remaining elements of the matrix by the conditions inv-H, and 
sym-H,T. The specialization of K involved in the equality of the 
elements of the leading diagonal (namely k;; = —N, —WN being the 
number of virtual self-intersections of each of the base curves on 
the surface) is no longer necessary. 

The matrices H, have the simple algebraic property 

a 1 0’ 

. ca v(a’—p') +1)" 
i.e. the products of the matrices determined by the sets of parameters 
This is equivalent to 


H,H 


A;, 4; depend only on the differences A;—yp,. 
the groupoid property 
Hy H,, H, ai Ay _piv 
set out below. 
The (n—1)-fold root @ = —1 of the characteristic equation of Hy 
determines the self-corresponding line in the harmonic inversion: the 


tangential equations of this line are therefore 
(Ay +145 = 0. 
These all depend linearly on the two equations 
%=0 SAL =O. 
Thus the self-corresponding line of “% is the line which joins Z, to 
the point >), Z;. As d,,...,A, are varied, we obtain the oo”-1 family 


of harmonic inversions determined by the complete family of lines 
passing through Z, and their polar [n—2]|’s with regard to Q, all 


n 
of these [n—2]’s lying in the prime > z; = 0. Further Z, lies on Q, 
1 


and > z; = 0 is the tangent prime at the point. The families of lines 
and [n—2]’s, and therefore also of harmonic inversions, are com- 
pletely determined by the (general) quadric Q, and a point on it. 
Thus 

[N.1] The family of involutory collineations of |n| determined by 
lines through a point and the polar |n—2]’s of these lines with regard 
to a quadric which passes through this point forms a growpoid in which 
the product of any three members of the groupoid is a member of the 
groupoid. 








ON INVOLUTORY UNITARY MATRICES 217 
Explicitly, if the point is Zp, the tangent prime to the quadric at that 


n 
point is } z; = 0, and the lines are specified as the joins of Z, to 
1 


points of z, = 0, then the product of the collineations specified by 
the points }A;Z;, > wu; Z;, Sv; Z,; in that order is the collineation 
specified by the point > (A;—p,;+v»,)Z;. The points corresponding 
to the transformations of the original system ./"~ are those of which 
the (homogeneous) coordinates A; may be expressed as integers with 


sum 2. 








ON PARALLEL FIELDS OF PLANES IN A 
RIEMANNIAN SPACE 
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1. Introduction 

PARALLEL fields of partially null vector spaces in a Riemannian J, 
have been discussed in a general way by A. G. Walker.* Some of his 
results are stated or obtained afresh in §§ 1, 2 of this paper, and the 
terminology is largely his. The later sections are devoted to a detailed 
analysis for the case n = 4, as a preliminary to a study of the general 
case, which is reserved for a later paper. 

The Riemannian spaces considered in this paper are assumed to be 
analytic, and not necessarily of positive-definite metric. The funda- 
mental tensor will be denoted by g;;. 

In the (n—1)-dimensional projective space S,_, associated with 
any given point P, (x*), of V,, the components X* of a non-zero vector 
at P are homogeneous coordinates of a point. Those of a covariant 
vector u; are homogeneous coordinates of the (n—2)-flatt of equation 


u;X*‘ = 0. Every contravariant null vector é' at P satisfies the 
equation g,,;&'€/ = 0, and therefore corresponds in S,,_, to a point ou 
the fundamental hyperquadric of equation g,;,;X'X’ = 0. Perpendicu- 
lar vectors X', Y* at P satisfy g,;,X'Y’ = 0, and so correspond to 
points of S,_, that are conjugate with respect to the hyperquadric. 
Similar remarks apply to covariant vectors, the tangential equation 


of the hyperquadric being g“u;u; = 0. 


2. Parallel r-planes 
A set of r independent contravariant vector fieldst A’, = (Aj,..., A‘) 
in V,, where 0 <r <n, defines at every point P a (contravariant) 


vector space V"(P) for which, at that point, they form a basis. If P, Q 


* See above, pp. 135-45. 

+ A linear space of p dimensions in S,_, will be called a ‘p-flat’. In previous 
papers I have called such a space a ‘p-plane’, but have now changed the 
terminology because ‘p-plane’ is used in a different sense by Walker. A 
‘p-plane’ is defined below in § 2. 

{t Throughout the paper h, 7, j,... will be used for tensor suffixes. Greek 
letters will be used as ordinal suffixes and will take various ranges as indicated. 
For the moment they run from 1 to r. 


(Quart. Journ. of Math. (Oxford), Vol. 20, Dec. 1949, pp. 218-34] 








ON PARALLEL FIELDS OF PLANES 219 


are any two points of V,, and if, under parallel transport along any 
curve joining P, Q, every vector of V"(P) goes into a vector of V"(Q), 
then the field of vector spaces having the A‘, as basis is said to be 
parallel, and is called a parallel field of r-planes. I shall usually refer 
to it as a parallel r-plane. A necessary and sufficient condition that 
a set of independent vector fields A/, should define a parallel r-plane 
is that their covariant derivatives Ai; should be a linear combination 
of the AL, say 


di; = AB, Ab, (2.1) 


where the AB, (a, B = 1, 2,..., 7) are covariant vector fields of V,, 
| Walker, loc. cit., Theorem 3.3]. The relations (2.1) will be called 
recurrence-formulae for the X’s. 

A change of basis A > » for the field of r-planes is defined by linear 
equations pi, = #X%, where the ¢’s are scalars of non-zero determi- 
nant. It is obvious that the put satisfy equations of the form (2.1). 
Moreover, if r > 1, the # can be chosen, in an infinite number of 
ways, so as to make the new base-vectors »* mutually orthogonal, 
and, when non-null, of unit length. The yp’ are then said to form a 
normal basis. 

For a given parallel r-plane, the number s of null vectors is the 
same for every normal basis, and 


s < min(r,n—?). (2.2) 


These facts are obvious from the geometry of S,_,. For, supposing 
r £0, the A‘ are coordinates of r independent points of S,_,, and 
therefore define an (r—1)-flat S,_,. A change A > » to a normal basis 
corresponds to the selection of another r independent points py‘, in 
S,_,, these being mutually conjugate with respect to the fundamental 
hyperquadric because the vectors py’, of V, are mutually orthogonal. 

If S,_, does not touch the hyperquadric, none of the conjugate 
points u* lies upon it, and the corresponding vectors of V, are all 
non-null. In this case s = 0, and (2.2) is obviously true. 

If, on the other hand, S,_, touches the hyperquadric in an (s—1)- 
flat, say, then s of the mutually conjugate points pi lie in this 
(s—1)-flat and hence upon the hyperquadric. Therefore they corre- 
spond to s mutually orthogonal null vectors of V,. The remaining 
r—s of the points pi lie elsewhere in S,_,, not upon the hyperquadric, 
and correspond to r—s non-null vectors of V,. The invariance of s 
under a change of normal basis follows at once, because s of the 
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points of any mutually conjugate set in S,_, lie upon the fundamental 
hyperquadric; while the inequality (2.2) is also an immediate conse- 
quence of well-known properties of hyperquadrics.* 

The (s—1)-flat of contact of S,_, will be called the null part of S,_,. 
It corresponds in V, to the null part, in Walker’s sense, of the vector 
space V’. If s = 0, S,_, and the corresponding V’ are non-null, this 
being the case, mentioned above, when S,_, does not touch the 
hyperquadric. If s <r, S,_, and V" are partially null. If s = r, so 
that, by (2.2), r < $n, S,_, lies wholly in the hyperquadric, and the 
vectors of any basis are therefore all null and mutually orthogonal. 
In this case S,_, and the corresponding V’ are null. It will be noted 
that null planes are included in the class of partially null planes. 

In every case, s will be called the nullityt of the r-plane V’ or of 
the corresponding (r—1)-flat S,_,. 

In S,,_,, the polar of the (r—1)-flat S,_, with respect to the funda- 
mental hyperquadric is an (n—r—1)-flat, S,_,_, say, which touches 
the hyperquadric in the same (s—1)-flat as S,_,. Thus, incidentally, 
S,_, and S,_,_, intersect in this (s—1)-flat, which is therefore their 
common null part. In V, the (n—r)-plane V"-" corresponding to 
S,,-,-1 is conjugate, in Walker’s sense, to V’. Inasmuch as S,_, and 
S,,,-3, and hence V" and V"-", have the same null part, the s null 
vectors in a normal basis for V"-" may be taken the same as in any 
given normal basis for V’. Every vector of V"~" is orthogonal to 
every vector of V’. 

The (n—r)-plane conjugate to a parallel r-plane is also parallel 
| Walker, loc. cit., Theorem 3.1]. This all but obvious fact is easily 
proved analytically by use of the recurrence-formulae (2.1). 

A V, necessarily admits a parallel n-plane, as pointed out by 
Walker, the n-plane at any point being the whole tangent vector- 
space at that point. Its conjugate is the 0-plane. 

The intersection of two planes, V”, V¢ say, at a point P of V, is the 
plane consisting of the set of all vectors common to them. When the 
intersection is the 0-plane, I shall say that the planes are non- 


n—-T— 


intersecting, because the corresponding linear spaces S,_,, S,_, inS,,_, 


do not intersect. It may here be noted that the 0-plane of V,, and it 


* Bertini, Geometria proiettiva degli iperspazi (2nd ed., 1923), 147. 

+ This use of nullity is different from that of Y. C. Wong, Annals of Math. 
46 (1945) 158, who uses the word to mean half the number of null vectors in 
a ‘quasi-orthogonal ennuple’. 
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alone of all the vector spaces at a point of V,, has no counterpart 
in S,,_4- 


3. Parallel planes in a V, 

A V, may admit 

(i) (a) A non-null parallel 1-plane. Such a 1-plane, if it exists, is 
defined by a non-null vector field h*, which may be taken to be unit, 
such that hi, = A,B. 


Multiplication by h‘ at once shows that A; = 0, so that the space in 
fact admits a parallel vector field. Therefore there exist coordinate- 
systems (a*) such that ds* has the form* 


ds? = +(dx1)2?+ >) GJap(x?, x8, a4) daxdak, 
2 


Thus the V, is the product of a V, and a J. 

(b) A null parallel I-plane. This possibility is dealt with in § 6 
below. 

(ii) (a) A non-null parallel 2-plane. In this case the V, is the 
product of two V,’s; that is, there exist coordinate-systems (2*) such 
that ds? has the formt 


ds? = ¥ gag(w', x*) dardxP+ ¥ gap(x*, x4) darda, 
1,2 7 3,4 7 


(b) A null parallel 2-plane. This case, in some ways the most 
fundamental of the partially null cases, is considered first (§ 5). 

(c) A semi-null parallel 2-plane (that is, a 2-plane of nullity 1). 
This case is examined in § 7. 

There are no further distinct cases other than the relatively trivial 
one of the tangent 4-plane and the conjugate 0-plane, inasmuch as 
the vector space conjugate to a 3-plane is a 1-plane, so that the theory 
of parallel 3-planes in V, comes under (i). 


4. Null quasi-orthogonal ennuple in a JV, 

In this section, as a preliminary to the main investigation, I obtain 
certain formulae which hold in any analytic V,. The notation (wv) 
will be used for the inner product u;v' = u‘v; of any two vectors. 


* Eisenhart, Riemannian Geometry, 71. 
+ Duschek-Mayer, Lehrbuch der Differentialgeometrie, Bd II, 152. 
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Suppose, in a Vj, we are given two independent orthogonal null 
vector fields €*, y’, so that we have 


(€€) = 0 = (nm) = (7). (4.1) 


In the projective S, at any given point, €' and 7 are points on the 
same generator of the fundamental quadric. 

Now there is an infinite set of null vector fields é’* such that &” is 
perpendicular to 7* but not to é. Thus 


('E’) = 0 = (€"n), (4.2) 
but (€’€) 4 0. (4.3) 


Choose any such vector field. In S;, é’* represents any point, other 
than 7‘, on the second generator of the fundamental quadric through 
n'; €* being one such point, the others are AE"‘+-zn‘, A and p being 
scalars. 

The vector é’* having been chosen, a fourth null vector field 7” is 
determined, save for a scalar factor, such that »’ is perpendicular to 
é' and to é"* but not to 7. So 


(7'n') = 0 = (&'n’) = (€y’), (4.4) 
but (n'n) ~ 9. (4.5) 


In 83, the point 7’ is the intersection of the generators through é, £’¢ 
not already considered. 

Of the null vector fields &‘, y*, &’*, n’*, each is therefore perpen- 
dicular to itself and to two of the others, but not to the third. 
Equations (4.1), (4.2), (4.4) will be referred to as the orthogonality 
conditions. In Ss, (&*, €’*) and (n*, 7’*) are pairs of opposite vertices of 
a skew quadrilateral lying upon the fundamental quadric. The plane 
(Enn’) through &*, y*, n’‘ is the tangent plane at €' and has coordi- 
nates é;. Similarly »;, €;, nj, are the tangent planes (né’€), (€’'n), 
(n'&E') at 7%, €’4, n’*. It will be noted that no assertion is made about 
the reality of the four null vectors. They can in fact all be real only 
when the signature of ds? is zero. 

By multiplying €’¢ and 7’* by suitable scalars, we can without loss 
of generality normalize their components in terms of £‘, y‘, so as to 


make (Eé’) = . (nn’) = 1, (4.6) 


in accordance with (4.3) and (4.5). These will be called the normaliz- 
ing conditions. 
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Now, if X‘ are current coordinates in the S, associated with any 
point of V,, and if we write 
X = €,2*, Y = n, X¢, x’ = €,X*, Y’ =q, 2%, 
then (X, Y, X’, Y’) are new coordinates having (££'n’) as tetrahedron 
of reference. In terms of them the fundamental quadric has an 


equation of the form 
2aX X’+2BYY’ = 0, 


four of the edges of the tetrahedron (for example X = 0 = Y) being 
generators. But this equation is 
(2€;; €+ 2B; 0j)X‘X!? = 0, 
so, inasmuch as the equation of the fundamental quadric in terms of 
the original coordinates X* is g,,; X*X’ = 0, we have 
G3 = AE EGE E)+B (ni 15+ 04 14) 

for some «a, 8. From the normalizing conditions (4.6), it at once 
follows that « = 1 = B, and so 

Ii = EG +8 6;+ m+n Nj: (4.7) 


The null vector fields £*, y‘, &’*, ny’ are a special case of a quasi- 


orthogonal ennuple | Wong, loc. cit.]. 

Covariant differentiation of the equation (££) = 0 gives &, £4; = 0. 
This shows that, for fixed j, the point in S, of coordinates £'; lies in 
the tangent plane é; of the fundamental quadric, that is, in the plane 
(€nn’). Hence there exist A;, B;, V; such that 


Ei = Ay E+ B, nf + Vj 0". (4.8) 


Similarly, from (nn) = 0 = (€’€’) = (n'n’) we get 
iy = C; €+ Dyn' + W; és (4.9) 
£5 = Ape" + By 9/4 Tn, (4.10) 
nj = Of E"+-Dj t+ WE. (4.11) 
These are recurrence formulae of the type (2.1) for the four null 
vector fields. From the point of view of the theory of parallel vector 
spaces, they say no more than that the whole tangent space is parallel. 
Multiplying (4.8) by 7;, (4.9) by &;, using the orthogonality and 
normalizing conditions, and, adding, we at once get V;+-W; = 0, or 
V; = —Wj. Similarly, multiplying (4.8) by €; and (4.10) by €; and 
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adding, we get 4; = —A,. Proceeding in this way, we find that 
(4.8),..., (4.11) become 
5 = A+B, n'—Wjn',  (@) 
ny = CD a+ W580) 
fj = —A,£"—C; nyt, (0) 
These equations will form the basis of the discussion, given below, 
of parallel vector spaces in Jj. 
By (4.12) and the orthogonality and normalizing conditions, we get 
Wi = —7, €- (4.13) 
Differentiating covariantly, and replacing »;; by the expression for 
it obtained from (4.12) (b), we get 
Wie = —(CeE:t+- De nit Wi Sdes— 1 Fin 
by (4.12) (a) and the orthogonality conditions. Hence, interchanging 
j, k and subtracting, we obtain 
W3.4—Wi.j;+-D; Wi,—D, Wj+-A; Wi.—Ay W = —Rrijn € 0%, 
(4.14) 
where R,,;;, is the curvature tensor. Six relations of this type may 
be obtained from (4.12), one for each of the coefficients A;, B;, C;, 
D,, W;, W;, but this one will be enough for present purposes. 





(4.12) 


5. Null parallel 2-plane in JV, 
The V, admits a real null parallel 2-plane if real perpendicular null 
vector fields €‘, yn exist such that 
Ej = AS + Bf, (5.1) 
ni = CO, €'+D, n¥. (5.2) 
Completing the quasi-orthogonal ennuple €‘, 7‘, é’*, ’* by the intro- 
duction of null vector fields €’*, n’*, as in § 4, we obtain 
gi a —A,£t—C, n'i—W, n’, (5.3) 
ni = —B,f'—D, 7 +W,€. (5.4) 
By (4.12) the condition that the V, admit a null parallel vector field 
based on £‘, 7‘ is therefore W; = 0. From (4.14) we obtain 


Rijn €'4' = 9. 


—= 
ou 
or 

— 














r 





ON PARALLEL FIELDS OF PLANES 225 
Differentiating this covariantly, using (5.1), (5.2), we get 
Ryigna Sn = 9 = Ryije mS’ = Rrigeimn Sat = -- (5.6) 
These, with (5.5), are integrability conditions for (5.1) and (5.2). 

If also W; = 0, then, by (5.3) and (5.4), the V, admits another null 
parallel 2-plane, this time based on £"', »’*, the two null 2-planes 
being non-intersecting. That a non-flat V, can admit two such null 
parallel 2-planes is shown below by an example. 

It follows at once from the recurrence-formulae (5.1), (5.2) satisfied 
by &*, »*, that the partial differential equations 


. , 00 
‘a ae 
form a complete system and therefore have two independent solu- 
tions. Let these be 6 = z* and 6 = #4, where <*, <* are functions of 
the x’s. Let 6 = £* be a solution of the former differential equation 
taken by itself, independent of %*, Z4, and 6 = #' a similar solution 
of the latter. Then, if we make the transformation of coordinates 
(x*) > (#*) in Vj, € and 7! go into &, 7‘, with all & zero except 2, and 
all 4° zero except 7. As the recurrence-formulae (5.1), (5.2) are 
unaltered in form if &*, n‘ are replaced by linear combinations (and 
in particular, by scalar multiples) of themselves, we may take the 
non-zero components of &, 7* equal to unity. So, dropping the ‘bars’, 
we have a coordinate-system (x*) in which 


& = &, nt = 3}. (5.7) 


Substitution in (5.1), (5.2) gives 


3 4 3 4 
T — = — = . 5.9 
whence { | 0 ; § o} [ o} (5.9) 
Because (£) = 0 = (nn) = (€y), we obtain, from (5.7), 
Iu = 9 = 922 = Ii» (5.10) 
and hence g@® = 0 = g* = g™. (5.11) 


Because of (5.10), (5.11), equations (5.9) reduce to two, namely 


8923 Gig _ 0 Jon Gia _ 0 


da! aa* 4 dx! aa? 
3695.20 Q 
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From these it follows that there exist functions f(a*), 6(2*) such that 
of ms ot op _ op 


is = Dal? Jos = 52? fia = FA’ Jr = 52? 
and therefore that 

J13 421+-95, dx? = df — a dz — f dat 
dx 


3 r 
wd 4 (5.12) 
OP 443 9 an 
J14 dx +9_, dx? = do——s Pa dx 


But, by (5.10), 
ds? = 2(9,3 dx1+-go, dx*) dx? +-2(9,4 dx!+-go, dx”) dx*+- 
+ > Jap dxdaP, (5.13) 
and substitution from (5.12) gives - 
ds? = 2 dfda+-2 dddx*+- p> Yop dx*dx® , 


where the y,g depend on the g,g and the derivatives of f, ¢ with 
respect to x, x4. Therefore, if we write x, y, z, t for f, ¢, x*, x4, and 
a, B, y for 713, Yo, Y12, We have the metric in the form* 

ds? = 2 dadz+-2 dydt+-« dz*+-2y dzdt--B dt*. (5.14) 
Thus: If a V, admit a real null parallel 2-plane, its metric is reducible 
to the form (5.14), where a, B, y are functions of x, y, 2, t. 

In the (x,y,z, ¢)-coordinate-system, the basic null vectors é*, 7 
with which we started are no longer simply 8), 54, but, as is easy to 
see, are linear combinations of these. There is no loss of generality, 
however, in taking them still to be 5i, 54, for this merely means re- 
placing the original é', n* by another pair linearly dependent upon 
them, and making the appropriate changes in the coefficients A,,..., D; 
of the recurrence-formulae. 

For the metric in the form (5.14) we have 


9;= /9 9 1 OFV, gi=/—«-y 1 0 (5.15) 
0 Oe a —y —B 0 1 
: Oca 1 0 0 ® 
0 iy B e ft 043 


* (5.14) is a special case of a general canonical form found by A. G. Walker 
for the metric of a V,, admitting a parallel field of partially null r-planes. His 
work is not yet published, and I am greatly indebted to him for communi- 
cating the result to me privately. I am grateful to him, too, for allowing me 
to see in manuscript the paper, frequently quoted above, upon which the 
present work is based. 
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By (5.8) l 9 
4=[yap B= [yap 


C : D 2 
=(;ah B= (yah 


from which, on calculating the Christoffel symbols, we obtain 
A; = 0, 0, }a,, 47, 
B; Pe 0, 0, +72 3B, . (5.16) 
C; = 0, 0, fa,, dyy 
D; = 0, 0, 37 y» 3B, 
the suffixes x, y denoting partial derivatives. 
We already have 


Da — gi 
= Sao a \ (5.17) 
nt = 0, 1, 0, 0 = 8 J 

and hence, by (5.15), 
é,= 0, 0, 1, 0= 8 
“ tee 5.18 
1% = 0, 0, 0, 1 = 3$ eon 


The null vectors é”, »'* of (5.3), (5.4) are auxiliaries. Unless W, = 0, 
in which case there is the second null parallel 2-plane already referred 
to, they are in themselves of no immediate importance. It will, how- 
ever, be useful to obtain formulae for them. 

Because &;€’* = 1 and »;£’* = 0, by (4.6) and (4.2), we have, by 
(5.18), £3 = 1, 4 = 0; and because é*¢; = 1 and 7'f; = 0, we have 
&, = 1, & = 0, by (5.17). Proceeding in this way, using all the 
orthogonality and normalizing conditions (4.1), (4.2), (4.4), and (4.6), 
it is easy to show that £’', ’*, £, ; have the forms 


é’§ = — a, r, 1, 0 

Bie (5.19) 
7 =—(t". -—#% @% 1 

a a 2 a \ (5.20) 
_ 0, 1, =F, 3B 


where r is an arbitrary function of x, y, z, t and «, 8, y are the coeffi- 
cients appearing in the metric. The appearance of an arbitrary 
function was to be expected, because, as seen in § 4, there is an 
infinite number of null vector fields satisfying the required ortho- 
gonality conditions. In order that €’*, n’* shall denote definite vector 
fields, it must be supposed that a definite , has been chosen, for 
example r = 0 or r = —}y. From (5.20), (5.18), and (5.15) it is easy 
to verify (4.7). 
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From (5.3) we obtain 
W, = —€" 
= —F+r&}— 388} 
by (5.20). From (5.19) we then obtain, after some calculation, 
W, = —#(y,+2r,), W, <— —#(yy+2r1,) 
W; oat —(y-+12)+fay,—Hy+r)a,— BM yy— tBayt doy : (5.21) 
W, = —1,— }By,—43B,—Hy4+1r)y.+4o8,— 4B, 
This is all that need be said for the time being about a V, admitting 
a single null parallel 2-plane, except for the remark that, if «, B, y 
in (5.14) happen to be functions of z, ¢ only, then the ds? is that of 
a simply harmonic space of recurrent curvature.* The V, then admits 
two null parallel vector fields é*, »‘, and the parallel 2-plane for which 
they are a basis is, in Walker’s terminology, strictly parallel. 
Suppose now that the V, admits two non-intersecting null parallel 
2-planes. Then we must suppose that we are given two independent 
orthogonal null vector tields é*, yn‘ as a basis for the one, satisfying 
(5.1), (5.2), namely 
C5 = AE+ By 15 = G+ Din', (5.22) 
and also two other null vector fields £, »’‘ which are independent 
of one another and of £*, »*, and which satisfy recurrence relations 





of the form 

5 = AGl + Bin", nj = GE" + Dj ns (5.23) 
as a basis for the other. Thus £” and 7‘ no longer play the auxiliary 
role they have had hitherto, but are part of the data. 

In S8;, €' and »* represent two points, which we may suppose 
definitely selected, on a generator of the fundamental quadric, and 
£"', »'‘ two points on another generator of the same system. Inasmuch 
as €’', »’* may be any two points on the latter generator, the recur- 
rence formulae (5.23) being unaltered in form by the replacement of 
&'', »'* by two other null vectors linearly dependent upon them, we 
may suppose that €’', yn’ are the points where the generators of the 
other system through €', »* meet the generator (€’y’). In other words, 
there is no loss of generality in supposing that the points €‘, *, €’*, ”* 
are the vertices of a skew quadrilateral on the fundamental quadric, 
even though &*, »” are initially supposed unrelated to £*, 7°. 


* Ruse, Proc. London Math. Soc. 50 (1949), 327. 
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Hence the case of two null parallel 2-planes can be brought under 
the preceding analysis merely by taking W; = 0 in the recurrence- 
formulae (5.3), (5.4), so that the formulae appropriate to the present 
case are (5.22) and, instead of (5.23), 

gj = —A,f—Cyy', ng = —B, E'— Dyn. (5.24) 

I have not sought a general canonical form for the metric of a V, 
admitting two non-intersecting null parallel 2-planes. The metric 
could initially be taken in the form (5.14), but the coefficients a, B, y 
would then have to satisfy the equations W; = 0, which, as will be 
seen from (5.21), are complicated. In those equations r must be 
regarded as a given function of the coordinates. 

Suppose r = 0. Then a particular solution of the equations W; = 0 
is, by (5.21), clearly obtained by taking 


B=0=y, a=a(z,y,2), 
since, with r, B, y all zero, the equations reduce to a, = 0. The metric 
alin) ds? = 2 dxdz+2 dydt+-a(x, y,z) dz*, (5.25) 
and by (5.16) we have . 
A, = 4a, 8}, B,;=9, C; = 4a, 8}, D;= 0. 
The recurrence-formulae for this space are therefore 
gj = A, ms = OF, 
S59 Ass" —Cyn, ny = 0. 

Thus the parallel 2-plane (€y) contains a parallel 1-plane (based 
on €*), and the parallel 2-plane (£’7’) contains a parallel null vector 
field y’*. It may be noted that é' and »’‘ are also the basis of a parallel 
2-plane, and that é', 7', 7’ are together a non-normal basis of a 
parallel 3-plane. 

Very special though this example is, it does establish the existence 
of non-flat spaces V, that admit two ncn-intersecting null parallel 
2-planes. 


6. Null parallel 1-plane in V, 
To say that a V, admits a null parallel 1-plane means that there 
exists a null vector field €* such that 
& = A, £. (6.1) 
The 1-plane is the totality of null vectors wé‘ (w scalar) co-directional 
with &*. 
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In the present case we are given no other null vector fields, but 
we may choose three others, y‘, é’*, n'’, to form with € a null quasi- 
orthogonal ennuple, as in § 4. The recurrence-formulae (4.12), with 
B; = 0 = Wj, then give, along with (6.1), 


ms = OF + Dyn, (6.2) 
fj = —A,£"—O, n*—W 9}, (6.3) 
05 = —Dyn!' +W;&. (6.4) 


Equations (6.1) and (6.2) show that &*, y‘ are basis-vectors of a null 
parallel 2-plane, and (6.1), (6.4) that £*, »’* are basis-vectors of 
another such 2-plane. The two 2-planes intersect in the given 1-plane 
wé', Equation (6.3) is auxiliary, and is of no immediate interest. 

Further, the three equations (6.1), (6.2), (6.4) taken together define 
a parallel 3-plane for which the vector fields £*, y‘, »’* form a non- 
normal basis. This is the 3-plane conjugate to the given parallel 
1-plane wé‘. Its counterpart in the projective S, at any point of V, is 
the tangent plane at £' to the fundamental quadric. 

A normal basis for the conjugate 3-plane is obtained by taking, 
with €, the vectors h', k* defined by 


ht = pni+qn’* (6 5) 
kt = pyt—qn’* J’ 


where p, g are any scalars (or, in particular, constants) such that 
pq = +4. Because (nn) = 0 = (n’n’) and (nn’) = 1, by (4.1), (4.4), 
and (4.6), we see at once that 


(hh) =1, (kk) =—1, (hk) =0. (6.6) 


Hence &', h‘, k* form a normal basis, €' being a null vector and h*, k# 
unit. In 8, h* and k‘ represent points in the tangent plane €; of the 
fundamental quadric, the lines (4) and (€k) being harmonically 
conjugate with respect to the generators (€y) and (£y’) through &*. 
The points h* and k* are conjugate with respect to the quadric. 

The recurrence-formulae (6.1),..., (6.4) for the present case are the © 
same as the corresponding formulae (5.1),..., (5.4) of § 5, with B; = 0. 
Hence the metric is in the present case reducible to the form (5.14), 
the condition B; = 0 giving, by (5.16), 


B= Bly, 2, #), y = v(y,2,t). 
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Summarizing the results of this section, we therefore have: If a V, 
admit a parallel 1I-plane, it also admits two null parallel 2-planes 
intersecting in the I-plane. These planes are all contained in the parallel 
3-plane conjugate to the given 1-plane. When the parallel planes are all 
real, the metric of the V, is reducible to the form 

ds? = 2 dxdz+-2 dydt+-a(x, y, z, t) dz*+- 
+2y(y, z,t) dzdt+-B(y,z,t) dt®. (6.7) 

The example (5.25) given at the end of the last section is a par- 
ticular case of this, as well as being an example of a V, admitting two 
non-intersecting null parallel 2-planes. 


7. Semi-null parallel 2-plane in V, 

We now suppose that a V, admits a parallel 2-plane having as basis 
two perpendicular vectors &*, h*‘, of which the former is null and the 
latter unit. Thus we now assume 

& = A, +E, hi, (7.1) 
hi, = He Eh, (7.2) 
where (&) = 0, (hh) = e,, (fh) = 0 (e, = +1). (7.3) 

In 8,, €* represents a point on the fundamental quadric and h* any 
point on a line touching the quadric at £*. 

Multiply (7.1) by h;, (7.2) by €;, and add. Then by (7.3) we at once 
get LE; = 0. Now multiply (7.2) by h;, again using (7.3), and we get 
F,= 0. Hence gt, = A, £t, (7.4) 

hi; = H, €. (7.5) 
Thus, by (7.4), the V, admits a null parallel 1-plane contained in the 
given semi-null parallel 2-plane.* It therefore also admits the parallel 
3-plane conjugate to the 1-plane w€*. 

Now let k* be a unit vector field perpendicular to both € and ht, 
so that 


(kk) = eg, (gk) = 0, (hk) = 0 (e, = +1). (7.6) 
In 8,, kt is any point on the tangent of the fundamental quadric polar 
to the tangent joining é‘ and h‘. Both tangents touch the quadric 
at €*, and lie in the tangent plane €;. The points h‘, k‘ are conjugate. 
Because h;k‘ = 0 and £;k* = 0, we get, on differentiating the 
former equation covariantly and using (7.5), 
h,ki, = 0. 


* Cf. Walker, loc. cit., Theorem 3.1 (ii). 
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Hence, for fixed j, k'; represents in S, a point in the polar plane h, of 
the point h*. This polar plane passes through the tangent (€£) because 
the points h', k* are conjugate. Similarly, differentiating £;k' = 0 
covariantly and using (7.4), we find that €;k'; = 0. Therefore the 
point k‘; (j fixed) also lies in the tangent plane €;. It thereforc lies 
upon the tangent (£4), and so 
ki, = K,€'+G,ké 
for some K;, G;. Multiplying this by £; and using (7.6), we get G; = 0, 


7 

Equations (7.4) and (7.7) show that &‘, k* are the basis of a second 
semi-null parallel 2-plane. It is the parallel 2-plane conjugate to the 
one with which we started. Further, if 

lt = ah*+bk*, (7.8) 
where a, 6 are constants such that 

e,a7+e,b? = +1, (7.9) 

then /‘ is a unit vector, and we obtain, from (7.5) and (7.7), 

Ui = L,&, 
where L, = aH,--bK;. 
This, with (7.4), shows that €* and /' are also the basis of a semi-null 
parallel 2-plane. Inasmuch as a, b are any constants satisfying (7.9), 
it follows that the V, admits a pencil of semi-null parallel 2-planes, all 
intersecting in the parallel 1-plane wé'. 

In (7.8), instead of choosing a, b to make J‘ unit, we may choose 
them to make /' null. This requires e, a?+-e,b? = 0, and so, if the 
null vectors obtained in this way are to be real, e, and e, must have 
opposite signs, say e¢, = 1, e, = —1. Then b= +a. As we are at 
liberty to choose the factors of proportionality of the null vectors at 
will, we may take a = 1/V2. Denoting the null vectors thus obtained 


and therefore ki, = K, €. (7.7) 


by 7’, n’*, we then have 
a° == (+h), 4? om <a (i— he), (7.10) 
and, because (hh) = e, = 1, (kk) = e. = —1, we also have (n»’) = 1. 
By (7.5), (7.7), and (7.10) we get 
ng = CE, (7.11) 
ni = W,€, (7.12) 


where C; = (H+ K;), W; — (H;—K;). 


vs 
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The pairs of equations (7.4), (7.11) and (7.4), (7.12) show that the 
V, admits two null parallel 2-planes, which also intersect in the 1-plane 
w€*. In itself, this result was to be expected from the work of § 6, in 
which it was shown that a V, admitting a null parallel 1-plane also 
admits two null parallel 2-planes. What was not to be foreseen was 
the special form of (7.11) and (7.12), which involve only € on the 
right-hand side. 

The last two recurrence formulae, (7.11) and (7.12), were obtained 
by combining (7.5) and (7.7) linearly. Hence (7.5) and (7.7) may be 
obtained, conversely, from (7.11) and (7.12). The space is therefore 
fully characterized by the three equations 


SHA BW =Gh a= We 
and these are the same ar the corresponding formulae in § 5, namely 
(5.1), (5.2), and (5.4), if in the latter we put B; = 0 = D,. This, by 


5.16), gives 
(0 ), 8 8, = 9 = By = ¥2 = Vy 


and f and y are therefore functions of z, t only. Hence: If a ¥, admit 
a semi-null parallel 2-plane, it also admits a null I-plane, a pencil of 
semi-null 2-planes intersecting in the 1-plane, and two null 2-planes 
which also intersect in the 1-plane. These parallel planes are all con- 
tained in the parallel 3-plane conjugate to the null I-plane. When the 
parallel planes are all real, the metric of the V, is reducible to 


ds? = 2 dadz+-2 dydt+-a(z, y, z, t) dz?+-2y(z, t) dzdt+-B(z, t) dt. 
(7.13) 


The particular metric (5.25), which has already twice been used as 
an example, also provides an example of the case at present under 
discussion. The space (5.25) in fact exhibits simultaneously all the 
features discussed in detail in the present paper: it admits a null 
parallel 1-plane, two non-intersecting null parallel 2-planes, two 
intersecting null parallel 2-planes, a pencil of semi-null 2-planes, and 
a parallel 3-plane of nullity 1. 


8. Remark on null parallel planes in any V, 

The fact that the existence of a null parallel 1-plane or of a semi- 
null parallel 2-plane in a V, implies the existence of parallel planes 
other than the null parts or conjugates of the given planes, as shown 
in §§ 6, 7, was hardly to be foreseen. In both cases the ‘latent’ 
parallel planes appeared as adjuncts of a null 1-plane. 
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This might suggest that a null parallel 1-plane has some special 
generative quality in any V,, in the sense that its existence automati- 
cally requires the existence of parallel planes other than its conjugate. 
A consideration of the general case quickly shows, however, that the 
corresponding property is held in a V, of even dimensionality, when 
n > 4, not by a null parallel 1-plane, but by a null parallel (n—1)- 
plane. An account of these, and of similar matters affecting spaces 


of odd dimensionality, will be given in a later paper. 





A NOTE ON POWER SERIES IN MATRICES* 
By R. H. MAKAR (London) 
[Received 2 December 1948] 


ACOORDING to Dienes’s definition a sequence of matrices {S,} is said 
to converge to S as n > oo if all the sequences {(S,,); ;} for every fixed 
? and j, converge to S;;. The convergence of series follows as usual 
from considering the sequence of partial sums. 
We notice that convergent series in infinite matrices may have one 
or more of three forms of convergence, namely 
(i) ordinary convergence, which is usually referred to as ‘con- 
vergence’; 


oO 
(ii) absolute convergence, in which a series >} c, A®) is absolutely 
p=1 


convergent if > \c,|\a\|, where ai” is the (i,7)th element in 


p= 
A®), is convergent for every ¢ and j; and 
strong convergence, in which a series s c, A®) is strongly con- 


vergent if > |c,,||A®| is convergent, where |A®)| is the bound 
of the matrix A®), the matrix bound being taken according to 
the following modified definition. 


If by a given rule a number |A| > 0 is assigned to every matrix A 
of a given field § satisfying the conditions: 
(a) |cA| = |e||A|, |Z] = 1, where ¢ is any scalar and J is the 
unit matrix; 
|A+B| < |A|+|B); 
c) |AB| < |A||B|; and 
(d) |a;5| < |Al, 
provided that A and B are matrices of the given field, then |A| is 
said to be the bound of A. 
It is easily seen that a strongly convergent series is absolutely 
convergent, and an absolutely convergent series is convergent. 
The idea of convergence of power series in matrices with bounded 
associative fields was mentioned in Dienes’s paper where he proved 


* By ‘matrix’ I shall always mean ‘infinite matrix’, and by ‘series’ I shall 
mean ‘series in infinite matrices’. 


[Quart. Journ. of Math. (Oxford), Vol. 20, Dec. 1949, pp. 235-7] 
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that, if A is a matrix of a field § with a semi-closed associative bound 
and if |A| < 1, then* Ss A? is absolutely convergent. 

It is easily seen that the following example provides a case in which 
the series > A” converges absolutely although the matrix A does not 


satisfy the conditions of the theorem. 

Take A to be the matrix for which a;; = «, a. = 2a, where 
4 < |a| < 1, all other elements being zero. Then |A| < 1, although 
the series A” converges absolutely. 

0 

To cover such a case and to consider the general power series I give 
the following extension to Dienes’s theorem: 

If A is a self-associative matrix, then a sufficient condition for the 
series > c,, A” to converge absolutely is that there exist co-prime positive 

n=0 
integers r and s such that A" and A® are two matrices of a bounded 
associative field & and in addition |A’| < p* (or |A*| < p*), where p ts 
9) 
the radius of convergence of > c,,z". (By self-associative matrix I mean 
n=0 
a matrix which can be a member of some associative field.) 

Proof. Let n be an integer not less than rs. Then n can be written 
in the form = = lr-tms, 
where / and m are integers such that / > 0 and 0 << m <r. 

Hence A® = Alrim 

— (Ar) x (As)™, 
by the self-associative property of A, and therefore A” belongs to the 
same field §. 

Applying the definition of the matrix bound we have 
|A”| < |(A’)|. |(48)™| 
(|A"|)'. (|A8|)™ 
pi Xcj', where |A*| = pi (0 < p,; < p) and |A*| = ¢, <0, 


IN IX I It 


n 
Pi +; 


* A matrix raised to the power zero under the sum sign denotes, by con- 
vention, the unit matrix. 




















| 
: 
| 
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1 if 2<1, 
. Pi 
where c= ae 
(ye gs 
p Pi 
i 2) 2) 
Now the series > le, ||A"] <e¢ > |e, |pt, 
n=rs n=rs 


and is therefore convergent. 


Since }> c, A” is strongly convergent, the given series is abso- 
n=rs 
lutely convergent. 
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EIGENFUNCTION EXPANSIONS FOR A 
FINITE TWO-DIMENSIONAL REGION 


By E. C. TITCHMARSH (Oxford) 
[Received 17 December 1948] 


1. Let D be a region of the (x, y)-plane, of a type to be specified 
more precisely later. Let g(x,y) be a given function of x and y, 
defined in D, and consider the partial differential equation 


V>S-+{A—d(e, y)}6 = 0. (1.1) 
The eigenfunction expansion problem associated with these data 
consists in proving that an arbitrary function f(x,y) can, subject to 
certain conditions, be expanded in a series of solutions of (1.1), 
known as eigenfunctions, which vanish round the boundary of D, 
and which correspond to certain values A,, of the parameter A, known 
as eigenvalues. In cases where the region D extends to infinity, the 
eigenvalues may coalesce into continuous stretches, and the corre- 
sponding expansion formulae then involve integrals instead of series. 

In a previous papert I obtained the eigenfunction expansion 
associated with the partial differential equation (1.1) and the whole 
(x, y)-plane. This was done in the following stages: 

(i) Let the region D be a square and let q(x, y) = 0. The formulae 
are then those of double Fourier series. 

(ii) Let the region D be a square, and let q(x,y) be any function 
with continuous partial derivatives of the first order. This case is 
obtained from the previous one by a process of iteration. 

(iii) The case of an infinite region is then obtained by making the 
side of the square in case (ii) tend to infinity. 

In the present paper the expansion for a fairly general type of 
finite region will be obtained. We assume case (ii), and make 
g(x,y) > 0 outside a region D included in the square. We thus 
obtain the expansion for functions defined over D and vanishing 


round the boundary of D. 


2. Let D be a region included in a simple closed curve. We shall 
suppose that this curve consists of a finite number of pieces, which 
+ Communicated to the London Mathematical Society. The known theory 
of these expansions is given by Courant and Hilbert, Methoden der Math. 
Phystk (ii), Kaps. 4 and 7. 
(Quart. Journ. of Math. (Oxford), Vol. 20, Dec. 1949, pp. 238-53] 
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are either of the form y = F(x), where F(x) is continuous and 
{F(a+h)—F(a)}/h is bounded, or are of a similar form with x and y 
interchanged. Two such pieces of curve may be joined at an angle, 
but not so as to form a cusp. We shall suppose that D includes the 


a-square 
q —a<r<a, —a<y<a, 


and is included in the b-square. Let q(x, y) have continuous partial 
derivatives of the first order in D (the boundary included). 

If (x, y) is outside D, let r(x, y) denote the distance of (x, y) from D. 
If (x,y) is inside or on the boundary of D, let r(x,y) = 0. Then, as 
v—> oo, q(x,y)+vr(x,y) tends steadily to infinity outside D. This 
function, however, may not have continuous partial derivatives. 
But, since we can approximate uniformly to any continuous function 
by polynomials,+ we can, for each v, define a polynomial g(x, y) 
which differs from 

q(x, y)+vr(x, y)—1/v 
by at most 1/{2v(v-+1)}. Then g™(z, y) has continuous partial deriva- 
tives of all orders, g?+»(a, y) > q(x, y), and q(x, y) tends uniformly 
to q(x, y) inside D, and to infinity outside D. 

Let A”, J (x,y) be the eigenvalues and eigenfunctions for the 
b-square and the differential equation involving g(x,y), with the 
boundary condition %%(x,y) = 9 on the square; and p, the eigen- 
values for the a-square and q(x, y). The y,, are thus independent of v. 

For any function f(x, y), let 

b »b 
IMF) = ff (f843+0%F?) dady, 
—b —b 


where suffixes denote partial differentiations. Then 


b 
2,/,(v) 2,/,(v) 
J"GS) = | | {- ip SEE yo SE + gone) dady, 


b 
ox? 
b 


ee 
by integration by parts, the integrated terms vanishing. Now 


VUL-+EAY—g%a, WW? = 0. (2.1) 
b »b 

Hence IM(~™) = | ve dady = . (2.2) 
—b -b 


+ See e.g. Hobson, Theory of Functions of a Real Variable (ii) (2nd ed.), 
§ 160. 
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Now each 2”) increases with g’, and also, for a given gy, increases 
as the square to which the expansion applies decreases.t Thus, for 


each n, 
’ ho” < A+ . om 


S Pa: 
Hence each A”) tends to a finite limit, say A,,, as v > 00. Also 


n? 


TOUR) Z bn: (2.3) 


3. It follows from (2.3) that 


b db 
[| (Q2+¥mR) dedy < p,—m, (3.1) 
—~b -b 
where m is the lower bound of all the functions g@. Hence, by a 
theorem of Rellich,t there is a sequence of values of v through which 
~”) converges in mean; i.e. there is a function %,,(x, y) such that 
b Ob 


| | (%,,—p™)? dady > 0 (3.2) 
—b —b 
as v > 00 through the sequence. 
Now, if (x, ¥) is any point in the b-square, distant at least R 
from the perimeter,§ and 


wih \{(a—29)?+ (Y—Yo)*}; 
then 


1 
Py? (ar Xo, Yo) = 7k I py dady-+- 


TR 


+ ={{ (5 ( — Fa) —loe F\a— AM )L™ dady. (3.3) 


r<R 
If (9, Yo) is in D, and BR is small enough, then, as v + 00 through the 
sequence of values involved in (3.2), the right-hand side tends to the 
corresponding expression without (v). Hence %” also tends to this 
limit, and indeed uniformly in any region entirely inside D. Thus 


tno to) = ae | | bu dady+ 


T<R 
1 1 A R P 
+3. ff (5(1— Fa) ons q—A,,)%,, dady. (3.4) 
rT<R 


7 Courant and Hilbert, loc. cit. (i) (2nd ed.), Kap. VI, § 2, Satz 3, Satz 7. 
t Ibid. ii. 489. § Ibid. ii. 250 (7). 
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Making R + 0, it foliowst that 
inside D. 
The formulae obtained by differentiating (3.3) and (3.4) with 
respect to xy or Yp also hold, and it follows that the partial derivatives 


py, and ~, tend to y,,,, and #,,,, inside D. It therefore follows from 
(3.1) and Fatou’s theorem that 


[[ GRetWiy) dedy < p,,—m. (3.6) 
D 


Again, if # is a region in the b-square entirely outside D, then 
q” > o uniformly in Z. Now, by (2.3), 


v),/,(») , 
JJ ae * davdy < py 
Hence JJ po? dady > 0. 


Hence ¢,, = 0 almost everywhere outside D. Since it is so far only 
defined almost everywhere, we can take y,, = 0 everywhere outside D. 
We also have 


f [ Yn bn derdy = : "i z = (3.7) 


as limits of the corresponding relations involving 5 and yp. 


4. Behaviour of y,,(x,y) on the boundary of D 

In this section we consider a particular y,,(x, y), and suppress the 
suffix n for convenience in writing. Let y = F(x) (x, < x < a) be 
part of the lower boundary of D. We have 


Ya, y) = Ya, y—38)+ f or(w,t) dt, 


y—38 
where § > 0. Hence, using an inequality of the form 
(a+b) < 2a°+-20%, 
we have 


y 
lyr, y)* < Bye, y—38)2+2] f dpee,t) af 


y—3d 


< 2|Y(x, y—38) |? +68 j {yy (x, t)}? dt 


y—3d 


+ Courant and Hilbert, loc. cit. (ii), Kap. IV, §§ 2-3. 
3695-20 : R 
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by Schwarz’s inequality; and so 


F(x)+28 F(x)—8 
yr(a,y)@dy <2 f  |y(a,y)|* dy+ 

F(x)+8 F(x)—28 
F(x) +28 y 


+65 ( dy | |W (ar, t) |? dt. 
F(x)+8 y—3d 
When the order of integration of the last integral is inverted, y varies 
over a range not exceeding 35. Hence this term does not exceed 


F(x) +28 
188? | |x, t) |? dt 
F(x)—28 
Hence 
2e F(x) +28 Le F(x)—8 
[ae [ |? dy < 2 | dx | |p|? dy + 
2 F(z)+8 2 F(x)—28 


2 F(x)+28 
+1882 | dx f |p|? dy. 

% F(a)—28 
Now make v - 00, keeping 8 fixed. The region of integration of the 
first term on the right may be supposed to lie entirely outside D, 
and then this term tends to 0. The second integral on the right is 
bounded, by (3.1). Hence 

xe = F(x) +265 


dx | lv(x, y)|* dy = O(8?). (4.1) 
Ls F(x)+8 
Also it follows from (3.6) that 
F(x)+8 
p(w, y)|? dy 
F(z) 


is finite for almost all valucs of x. For any such x 


leb(a, y)—(a, y’) <(fa] |v,’ *at}* = Of(y’—y)?} 


for all y and y’ sufficiently near to F(x). Hence y(x,y) tends to a 
limit as y > F(a), say (x,y) > w(x). Hence 
F(x) +28 
5 |yb(ar, a) |* dy > w(x). 
F(x)+8 
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From this, (4.1), and Fatou’s theorem it follows that 


Ze 

| w(x) dx = 0. 
Hence w(x) = 0 almost everywhere, i.e. (x,y) > 0 almost every- 
where along the boundary. 

Now suppose that 
|F(a+h)—F(x)| < M\h| 
on the part of the boundary considered. Then, if |~z—z,| < 7, 
F(a)+8 < Flay)+My+8 < Flay)+4 
if » = }8/M; and 
F(x)+28 > F(%)—My+28 > F(a)+3. 

Hence the circle with centre (2, F(x,)+- 35) and radius 45 min(M/-, 1) 
lies between the curves y = F(x)+6 and y = F(x)+28. Denoting 
this circle by C, and its radius by R, we have 


cal) Ib| dardy <a { fa J) # day) 
“Aion 


= O(1) 
by (4.1). Hence, by (3.4), 
f(%, F(x) +35) = O(1), 
i.e. % is bounded in the neighbourhood of the boundary of D. 
A similar argument, allowing for the variation of ,,, with 
R= |A,\-#, 
shows that tb, = O(\A,|*). 


5. We have still to prove that % tends to zero at the boundary 
of D. Let (x9, yo) be an interior point, at a (small) distance 2R from 
the boundary. Then the circle with centre (x9, y)) and radius R lies 
entirely inside D. Taking the shortest distance from (%»,y) to the 
boundary as axis of y, let y = F(x) be the equation of the boundary, 
and y = K(x) that of either the upper or the lower half of the circle. 
Then, for either K(x), 

K(x)— F(x) = O(R). 
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K(x) 
Now b{a, K(a)}—Ye, F(x)} = | pylw,y) dy, 
F(z) 


and #{x, F(x)} = 0 almost everywhere. Hence 


R R K(x) 
| | Whar, K(a)}| da < | dx | |y,| dy 
—R —R F(z) 
R K(2) R K(x) 
<{ [ de f dx. fay [ vidy* 
-R Fiz) -R Fiz) 


= {O(R*).0(1)}* = o(R). 
Taking x = Rceos#, y = Rsin8@, on the circle, we have 
dx = —Rsiné dé, 
so that, writing ¢(x,y) = ¥[R, 6], 


a—d 2r—8 
| \W[.R, 6]| d8 = o(cosec8), | |¥LR, 6]| dé = 0 (cosec 8). 
bY a+8 


Since % is bounded, it follows that 


2 
| |YLR, 6]| dd = 0(cosec8)+O(8) = 0(1) 


by choosing first 5 and then R small enough. Now 


27 
Heo Yo) = 5 | WR, 0] d0— | | (los =)(q—aw mn 
0 r<R 


q here being redefined in terms of the new coordinates; and the last 


of | | (os) rv — O(R?). 


r<R 


term is 


Hence ys > 0 uniformly round the boundary. 
Again, on differentiating (3.4) with respect to x), we obtain 


OXp 


2a 
Yn = _ | ,(%+ RK cos 6, y+ R sin @)cos 6 dd — 
0 


1 1 r 
ee I] (; = 4 cos 6(q—A,,)s,, dady. 
r<R 
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Taking (%»,Y9) at distance « from the boundary, and R = }e, it 
follows that 


Similarly 


6. If we impose further conditions on the bounding curves, we can 
obtain more precise results. Consider a point on the boundary where 
the curve has a tangent, and where the perpendicular from a neigh- 
bouring point of the curve which meets the tangent at distance 5 
along the tangent is O(5*). Take the point as origin, and the tangent 
as axis of x. Then, if R is small enough, the circle 2?+(y—R)? = R? 
lies entirely inside D, except for the origin. Let y = K(x) now denote 
the circumference of this circle in the neighbourhood of the origin. 
In this case F(x) = O(x?), K(x) = O(a), and proceeding as before 
we obtain 


h 
| |x, K(w)}| de = o (hi). 
0 


Taking in this case « = Rsin#@, y = R(1—cos@) on the circle, it 
follows that, for a fixed R and 6 > 0, 


8 
1(8) = | \W[.R, 6]| dd = 0(8%). (6.1) 


Now ¥ also satisfies the relation 


wen = EF G- va) in.aao—s | | (led i \a- Ay rdrdd, 


(6.2) 
where (,) is inside the circle, 7, is its distance from (x,y), 7. the 
distance of the inverse point from (x,y), and r, the distance of (€, y) 
from the centre. This is easily proved by applying the formula 


[f (uV2v—vV?u) dady = | (uz) ds, (6.3) 


where @/@n denotes differentiation along the outward normal, with 
u = ¢ and v = log(r, R/rar3). Take € = 0, » = Re. Then 
r, = R(1—e), 
and, if# = Rsin#d, y = R(1—cos68), 
r? = R{2(1—e)(1—cos 6)+e*}. 
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Also 73 = 7, R. Hence 


& ie 2e—e? a 2e 
: ; R*{2(1—e)(1—cos0)+e?| R?(6?+-e?) 


ry 
for small « and 6. Hence the first term on the right of (6.2) is 


= oft fi ts} +f fw 


(AUT fe 





) a 
12 ry 


7 


of | wea 





te 








€ 


by (6.1). 
Again, (6.3) with 
u = 1—r?/R?, v = log(r, R/% 715), 
gives log 2" rdrd@ = 3n(R?—r%). 
> rR — 
r<R 


Thus the second term on the right of (6.2) is 


o| lf log 23 om = O(R?—r§) = O(e). 
1 


r<R 


Hence w(é,) = O(e#). (6.4) 


Again, the formula obtained by differentiating (3.4) with respect 
to Yp is (taking now « = Reosé, y = Rsin®@) 





On eens | ws,,(% +R cos 8, yy+ RK sin #)sin 6 dé— 
dy, wR 


0 





->- {| (- ia) 0— Mo sin 6 rdrdé. 

T<R 
Taking (xp, Yo) at distance « from the boundary of D, and R = te, 
it follows from (6.4) that . 


YH _ oe) (6.5) 
on 
uniformly except possibly in the neighbourhood of the angles, where 


we only get 
Fs Oe). (6.6) 
on 
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7. The Parseval formula 
Let f(x,y) be L? over D, and let 


cn = [f fey bale, y) deedy. 
D 


Then > of = [f (fle,y)}? dady. 
n=0 D 


As in the case of one variable, it is sufficient to prove this for a 
special class of functions, e.g. such that f has continuous partial 
derivatives up to the second order throughout the b-square, and is 
zero outside D. Let ¥, c® be the eigenfunctions and Fourier 
coefficients of f for the —— and g@. Then it is known that 


yo" = f i f? dxdy = J [ f? dedy. 


Also c® +c, for each n. Hence it is sufficient to prove that the 
series on the left converges uniformly with respect to v. Now 


J (SV*Y?—YrV¥f) dady = 0, 


~o 
b 
Pas Fg? —IOVY} dady = 0, 
=o 
i.e. co) = CW */\), 
where c{”)* is the ‘Fourier coefficient’ of f* = gf—V?f. Also 
bb b> } } 
|c*|< f** dady | | ¥&* dvdy| = f* dedy} : 
J J —b j i) 


1 1 


1 
-and > aD 
is convergent. The result therefore follows. 


8. The Green’s function 
Let G(x, y, €, n, A) be the Green’s function for the b-square and q™, 


and let 

1 R 1 p? 

ae 0<p<R), 

g(x, y,€,) = ' aes z-( fal ( p< R) 
a (p> R), 
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where p = \Mlw—)?+ y—n)- 
We apply (6.3), with 
u = GM(x,y,€,9,A), Y= G(%,Y,%, Yo) 
to the circle r < R, where 
r = V{(w—a9)?+(y—Yo)*}; 
with small circles round the points (£,7) and (2%, y¥) cut out of it 


(supposing that the distance between these eauie is less than R). 
We have 


| | {9(X; Ys Xo, Yo) V?G (ax, y, €, 9, A)— 
— G(x, y, E,n, A)V?G(x, y, Xp, Yo)} dady 


= fy [9(e, ¥, os yolfalers y) AG x,y, é, a, )— 
as toma G(x, y, €, 0, »| dxdy. 
aR? 


The boundary r = R contributes zero, since g and ég/én vanish 
round it. The small circle round (€, 7 1) contributes 9(f, 7, 2%», Yo), and 
that round (2%, y¥)) contributes G(x», yo, €,, A). The result can be 
written as 

G(X 9, Yor §, 0 A)—9(%o Yo € 1) = ay | am G(x, y, €, 0; et 


T<R 
+= 4) J F 4) fa(#, y) G(x, y, £, 9, A) daedy. 


The result is the same if the distance between (£,7) and (29, yp) is 
greater than 2, since then g(%po, Yo, €, 7) = 0. 
It follows that, for given 2, yy, R, and A, 
bb 
| | |G (29, Yo» €,9,A)|? dédy 


—b —b 
yo # 


= of fj J |G |? dedydgdn} +O(2) 
b —b 


—b —b 


=> age ap} tO) = O(1). 


pr)( 
Hence, as v > ©, > eee ~ O(1). 
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Accordingly > Waleoyel {n(%o, Yo)}” 


2 
a, |An—Al 
is convergent. Hence, for given 2», yp, and A, 


N 
Gy (Xp, Yo é, > A) = Fale teWhalb, ”) 





converges in mean square over D, say to G(x», yo, €, 7, A). 
Now 


ff {Gy(x, y; é, > A)V*¥9—gV?Gy} dxdy — Gy (Xp, Yo: g, > d), 
r<R 
and V2g = 1/(aR?), 


N 
V?Gy cas > br (E, ae. on Aiele. y) 
=0 n 





= fale. y)—NGy— ¥ dts yWbal€s 9 


Hence 


1 
Gy (Xo; Yo €.,A) = aR? i] Gy(x, y, €, n, A) dady+ 


+o J tee 2) ng = |fale.9) NG s&s 0,2) ddy — 


~ JI fe (!- BO eS 7} > ¥ Url, ybn(E, 0) dady. 


Now multiply by any f(€, n) of L*, integrate over D, and make N +o. 
We obtain 


| | Get, Yos €. 0, A)f(E, 9) dédn 
D 


_ m | | s 1) dgdy Sf lays, ,A) dedy + 


+ rove fa!) 8) * 


X {(x, y)—A}G(x, y, E, n, A) dady+- 
+ J | SE, n)glto» Yoo €:0) dédn, (8.2) 
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the last term by the Parseval theorem. This is of the form 
[[ #€ FE, 0) dédn = 0, 
D 


where f is arbitrary. It follows that F = 0 almost everywhere, i.e. 
that 


1 
G(Xq, Yo, £, 1,4) —9 (os Yor 51) = a5 If G(x, y,€, 9, A) dady+ 


T<R 


1 ] 2 
+5. [{ (5(1—Fa) oe = Hea x,y) —A}G (ax, y,&,, A) dady (8.3) 
r<R 


almost everywhere. 

Now the right-hand side is a continuous function of € and 7; for 
the above argument shows that (8.1) converges uniformly with 
respect to 2, and y, over any region interior to D. Since each 
&,(2%9, Yo) is continuous, it follows that 


2 {tn(®o Yo) —' Fo * —Hnl%o o> Yoo}? =~» OD 
—A| 2 


’ 


aS (Xp; Yo) > (Xo: Yo)- Now 
1 Y - = d,, pn (€ n) 
R {| G(x, y, €,, A) dady = > iy = th 


T<R n=0 
where the d,, are the ‘Fourier coefficients’ of 
1/R? Pe 
ha,y) = {VS 8) 
0 (r > R). 


i | [ {een8nr )— G(x, y, €’, 7’, A)} ) ae 


T<R 





S ae S alEm—balEs PV 
<(242 bar 8 
as (£’,n’) > (€,7). Thus the first term on the right of (8.3) is con- 
tinuous, and, similarly, so is the second term. Hence the left-hand 
side is almost everywhere equal to a continuous function, and so may 
be taken to be equal to it everywhere, since it is so far defined only 
almost everywhere. 
In particular it follows that, as (€,) > (x,y), 


: 1 1 
G(x, y, €, , A) — lias ad 
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We can also differentiate (8.3) with respect to 2) or yp, and from 
the differentiated formula we obtain 
0G 1 
3p aap t 0) (8.5) 
Finally, on making R > 0 we obtain 
VG+A—ga,yj}G=0, (8.6) 


except when (x,y) = (€, 7). 


9. The convergence theorem 

Let f(x,y) have bounded first-order partial derivatives in D, let 
V?f be L? over D, and let f vanish round the boundary, in the sense 
that f = O(e) within a distance « of the boundary. 

We shall now assume that we can approximate to the boundary 
of D by curves C of bounded length, having continuously turning 
tangents. Then 


| [ 17% n— tt V2) den = J (72 — ne) de, 


where D’ is the region enclosed by C, and 0/én denotes differentiation 
along the normal to C. If C is within e of the boundary, 


f-00, o(?) K-91, Za 


on € on 
Hence the right-hand side tends to 0, and so 


J (£¥*n—m Vf) dédn = 0, 
D 


[[ {f@—An hmm VF} ded = 0. 
D 


Hence 6. = = ff tn(q—V2—A)f d&dn (9.1) 
D 


if A is not equal to any of the A,,. 
If (2, Yo) is an interior point of D, and h(x,y), d,, are defined as 
above, then 
1 
a | [ fe aeay = | [ fe. wh(a,y) dedy 


r<R D 
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by the Parseval theorem. Now, by (9.1), 


N 
> c,d 


n n 
n=0 


i dalé.n\(q—V2—A)f(E, 9) dnd ydgdy 


és | | J fm h(x, y)Gy(w, ys &, 9, A)(q—V2—A)f E, 9) dadydédy 


D 


> | | | | h(x, y) G(x, y, &, 9, q—V2—A)f(E, n) dedydédn. 
D D 
Hence 


mf (i a,y)— J | en6 , A)(q—V?—A)f(E, n) d&dn} dady = 0. 


By the analysis of the previous section, the (x, y)-integrand is con- 
tinuous. Hence, making R > 0, 


fle,y) = | | Ge, y, €, 9, q—V2—A)f (En) dédn 
“‘D 


— lim | J os x,y, é, nA \(q—V?2—A)f(é, n) dédy 


aia * 


N 
= lim pa. 
No 


=0 A, 





= x J (, n)(q—V?—A)f(E, n) d&dn 


\ 
- lim 2, Cr ¥n( x »Y). 


N-O n= 


Hence under the above conditions 
Ls 2] 
= 2 on (x,y). 


10. We can also prove that the solution of the problem 
{V2+(A—q)}® =f in D, (10.1) 
® = 0 round the boundary of D, is 


(x,y,) = — f iy Gx,y,£,9,AfE,) dédn, (10.2) 
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at any rate provided that f* = gf—V?f is L* over D. For (8.2) is 
equivalent to 


O(2,y,A) = | | (E,0,A) dédn+ 


r<R 


+e JJ | (5 (1a) lon =|(a- Ab+f} dédn, 


whence (10.1) follows on making R > 0. Also (10.2) is equivalent to 


O(c, 9,2) = > Saba), 
n=0 of 
If f* is L?, c,, = c*/A,,, where ~ cx? < oo. Hence 
in wh & ee (x, 


n= 
and this is uniformly oie since % = o(d2). Since each 
us,, > 0 at the boundary, so does ®. 








NOTE ON A THEOREM OF HARDY AND 
ROGOSINSKI 


By F. F. BONSALL (Newcastle) 


[Received 21 January 1949] 


Introduction 

Harpy AND RogostnskI [1] have proved a series of theorems on 

functions subharmonic (s.h.) in a strip, of which the principal is 

Theorem 2 below on the convexity of d(x) = lim f(x,y). In their 
yo 


proof, a ‘delicate argument’ was required to prove 4(x) upper semi- 
continuous (u.s.c.). In this note a much simpler proof is obtained by 
using well-known Phragmén—Lindelof methods. In fact, I use the 
maximum principle for s.h. functions in the following slightly general- 


ized form. 


THEOREM 1. Jf (i) f(x,y) is 8.h. in the open half-strip D 
(a<a2<B,y>~y), 
(ii) f(a, y) is u.s.c. and bounded above in the closure D of D,* 


then the maximum principle is valid in D according to the boundary R 


D, ie. 
a tll Lu.b. f(a, y) < lub. f(x,y). (1.1) 
(x,y)eD (x,y)eR 


Theorem 1 is known (see, for example, [2]), but for the sake of 
completeness, I outline its simple proof. Let 


f(x,y) = f(x,y) +e(2*—y*) = ft+eg (e > 0), 
let Dy denote the sub-domain of D 
a<xr<fB, y<y<Y (1.3) 


and let Ry denote the bottom and sides of this rectangle, i.e. the 
part of the boundary of Dy that is contained in R. Since f is bounded 
above and g > —oo uniformly in (a, 8) as y 00, it follows that for 
a fixed « we can choose Y so that 

Lu.b. f-(v, Y) < Lu.b. f.(x, y), (1.4) 


a<a2<p (z,y)=Ry 


* Strictly, D is the finite part of the closure of D, and R is the finite part 
of its boundary. 


(Quart. Journ. of Math. (Oxford), Vol. 20, Dec. 1949, pp. 254-6] 
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and, g being harmonic, it follows by the usual maximum principle for 
functions s.h. ia a bounded domain [3] that (1.1) is true for f, in Dy 
according to Ry and hence according to R. Y being as large as we 
please, for every (x,y) of D 


flx,y)+eg(a,y) <1ub. f.(w,y) < Lub. f(x, y)+¢max(a*, 8) (1.5) 
(z,y)eER (z,y)eR 


and, by letting « > 0, Theorem 1 follows. 
THEOREM 2. If f(x,y) is 8.h. and bounded above in the open half-strip 
a<a<B,y>y, then 
either (a) (x)= lim f(x, y) = —o fora<2<Ff, 
or (b) (x) is continuous and convex for « << x < Bp. 
Let 21, #7, satisfy a < x, < a, < f. I first prove that 
d(x) < max{4(x,),A(x,)} for 2,< 4% < 2p. (2.1) 
Suppose first that x, is positive and that 
max{$(2x,), P(x_)} = ~ > —oo. (2.2) 
Then given 6 > 0, we can choose 7 such that 
fey) <pt+8, ft,y)<p+s, for y>>. (2.3) 
Now let file,y) = flc,y)—nh(e, y), 
where h(x, y) = x/{x?+-(y—n)*}. (2.4) 
Then A is harmonic and cane y) = 0. Also we can choose n so that 


f,(@,n) =f—n/e<p for 2<4% < 2. (2.5) 
Since f,,(x, y) satisfies the conditions of Theorem | in the half-strip 
%, LX <x, y > 7, it follows that for all (x,y) in this half-strip 
ile, y) < w+8. (2.6) 
Hence 
A(x) = lim f(x,y) = lim f,(a,y) <<p+8 for 2,< 2 <a. (2.7) 
yon yoo 


Since 6 is arbitrary, (2.1) follows. Trivial modifications are required 
if uw = —oorz, < 0. 

To complete the proof of the theorem, I use the argument familiar 
in the proof of the ‘3 lines theorem’. For arbitrary real A, f(x, y)—Ax 
satisfies the conditions of the theorem. Hence, by (2.1), 


$(a)—Aw < max{f(x,)—Ax,, G(x.)—Ax,} for 2,<4< aq. (2.8) 
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If d(x,) > —oo and 4(x,) > —oo, we can choose A so that 

$(%1)—Ax, = $(x_)—Ary (2.9) 
and the convexity of 4(x) follows. Trivial modifications are required 
if d(x.) = —oo or d(x.) = —oo. Finally, it is well known that a 
convex function, bounded above, is either continuous or identi- 
cally —oo. 


REFERENCES 
1. G. H. Hardy and W. W. Rogosinski, Proc. Royal Soc. A, 185 (1946), 1-14. 
2. G. O. Thorin, Convexity Theorems. Lund Univ. Mat. Semin. 9 (1948), 15. 
3. J. E. Littlewood, Lectures on the Theory of Functions (Oxford, 1944), 156. 














of CAMBRIDGE for 
MATHEMATICAL BOOKS 


English and Foreign 
New & Secondhand 


Catalogues issued. A catalogue of general 
scientific books has recently appeared. A copy 
will gladly be sent on request and your name 
added to our mailing list 
Inquiries invited for out of print and difficult 
items 


The Bookshop known the world over 


W. HEFFER & SONS 
LIMITED 





























BOWES & BOWES 


Scientific & General Booksellers, New & Secondhand 


SCIENTIFIC BOOK BULLETIN 


This new series of lists of recent and forthcoming 
books will be sent free on request. Is your name 
on our mailing list to receive it? 


mK 


Offers of Libraries or smaller collections of 
Mathematical and Scientific Books and Journals, 
English and Foreign, are invited. 


1 & 2 TRINITY STREET -CAMBRIDGE 





Charles Griffin books on Statistics 


SAMPLING METHODS FOR CENSUSES AND SURVEYS 
Frank Yates, Sc.D., F.R.S. 
Theory and practice of the sample survey. 1949. 318 pp. 
24s. net 





ADVANCED THEORY OF STATISTICS 
Maurice G. Kendall, M.A. 
Vol. I. 4th Edn. 1948. 457 pp. Vol. II. 2nd Edn. 1948. 52r pp. 
Vol. I. 42s. net: Vol. II. 50s. net. 


RANK CORRELATION METHODS 
Maurice G. Kendall, M.A. 
An account of the new ranking techniques. 1948. 160 pp. 
18s. net 


AN INTRODUCTION TO THE THEORY OF STATISTICS 
G. Udny Yule 7.B.E., M.A., F.R.S. and M. G. Kendall, M.A. 
The ‘ Introduction’ of world-wide reputation. 13th Edn. 4th Imp. 1948. 570 pp. 
24s. net 


CHARLES GRIFFIN & CO., LTD., 42 DRURY LANE, LONDON, W.C.2 


CHAMBERS’S 


SIX-FIGURE MATHEMATICAL TABLES 
By L. J. COMRIE, M.A., Ph.D. 


Volume I—Logarithmic Values Volume II—Natural Values 


Logarithms of Numbers, Antilogarithms. Trigonometrical Functions in De Minutes 
’ and Seconds. Trigonometrical Functions in 
Teipengenetaieet Functions in Degrees, Minutes Degrees and Decimals. Circular Functions. 
and Seconds. 
Exponential and Hyperbolic Functions. 
Trigonometrical Functions in Degrees and 
Decimals, and in Radians (Circular Func- Natural Logarithms. 


tions). Sand T Functions. 

Powers, Roots, Reciprocals, Factors, Fac- 

Hyperbolic Functions. Gamma Function, torials, ant Integral. Numerical 
etc., etc. Differentiation and Integration, etc., etc. 


600 PAGES PRICE 42s, NET 612 PAGES PRICE 42s, NET 


NATURE says: ‘The whole of Dr. Comrie’s wide experience of numerical caiculation has gone into 
the preparation and production of these volumes, and they are likely to become the standard tables 
for general use in work where more than four figure accuracy is required.’ (M. V. Wilkes.) 


Prospectus, showing full Contents and several specimen pages, on application 


W. & R. CHAMBERS, LTD., 38 SOHO SQUARE, LONDON, W.1 
SSP: 





























